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Abstract

We extend previous work by constructing a universal abelian tensor category T, generated
by two objects X, Y equipped with finite filtrations 0 C X9 € ... € X;4y; = X and
0C Yy S ...C Yy =7, and with a pairing X ® ¥ — 1, where 1 is the monoidal unit.
This category is modeled as a category of representations of a Mackey Lie algebra g MV, V)
of cardinality 2™, associated to a diagonalizable pairing between two vector spaces V, V of
dimension X; over an algebraically closed field K of characteristic 0. As a preliminary step,
we study a tensor category T, generated by the algebraic duals V* and (V,)*. The injective
hull of the trivial module K in T, is a commutative algebra I, and the category T, consists
of all free /-modules in T;. An essential novelty in our work is the explicit computation of
Ext-spaces between simples in both categories T; and T;, which had been an open problem
already for + = 0. This provides a direct link from the theory of universal tensor categories
to Littlewood-Richardson-type combinatorics.

Keywords Tensor category - Universal category - Ext-spaces - Mackey Lie algebra -
Infinite-dimensional Lie algebra - Tensor representations
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1 Introduction

Fix an algebraically closed field K of characteristic 0. For us, a tensor category is a K-
linear, not necessarily rigid, symmetric monoidal abelian category. In this paper we construct
a tensor category T;, generated by two objects X and Y, equipped with finite filtrations
0CX0C...C Xs4y1=Xand0C Yy C ... C Y41 =Y, and withapairing X ® Y — 1

Communicated by Christoph Schweigert.

B4 Ivan Penkov
ipenkov @constructor.university

Valdemar Tsanov
valdemar.tsanov@math.bas.bg
Constructor University, 28759 Bremen, Germany

Institute of Mathematics and Informatics, Bulgarian Academy of Sciences, Acad. G. Bonchev Str., Bl. 8,
1113 Sofia, Bulgaria

Published online: 14 September 2024 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s12188-024-00280-6&domain=pdf

I. Penkov, V. Tsanov

where 1 is the monoidal unit, such that the category T; is universal in the following sense:
for every other tensor category equipped with objects X', Y/, amorphism X’ ® Y’ — 1/, and
finite filtrations 0 C X( € ... © X, = X'and0 C Yy € .. C ¥) | =Y witht' <1,
there is a left exact monoidal functor from the category T; to this other category such that

FX)=X, FW) =Y, F(Xy) = X;(a), F(Yy) = Y;(a),
for some order preserving surjection s : {0, ..., + 1} — {0, ..., ¢’ + 1}.

Our work extends several previous works [3-5, 8, 11]. The most recent of them is the paper
[5] where the filtrations of X and Y are just of length two, i.e., amount to fixed subobjects
Xo C X and Yy C Y. This case has many features of the general case, and we follow the main
idea of [5]. Namely, we first construct a tensor category T, which consists of tensor modules
over the Mackey Lie algebra gl = gI™ (V' V,)) of adiagonalizable pairingp : V@V, — K.
Here V is a vector space of dimension X; over K and Vi is the span within V* := Hom(V, K)
of a system of vectors {x;} dual to a basis {vp} of V. The Lie algebra g[M consists of all
linear operators ¢ : V — V such that ¢*(V,) C V,, where ¢* stands for the dual operator.
We recall that the g[™-modules V* and V := (V,)* = Hom(V,, K) have finite filtrations
Vi=Vy C..C Vi =V andV = Vo € ... € V,41 = V with irreducible successive
quotients. Using these filtrations we compute the socle and radical filtrations of the adjoint
gI™-module, and also describe all ideals of the Lie algebra g{™. The latter result is not
necessarily needed for our study of the category T, and is of interest on its own.

The category T; is defined as the full tensor subcategory of the category of g[M -modules,
generated by the two modules V* and V, and closed under arbitrary direct sums. This category
is not yet our desired universal tensor category, but is a natural and interesting tensor category.
We classify the simple objects in T,. It turns out that they are parametrized by pairs A, [Le
where A, and 11, are finite sequences of length 7 42 with elements arbitrary Young diagrams.
We then describe the indecomposable injective objects in T, (equivalently, the injective hulls
of the simple objects) and compute explicitly the layers of their socle filtrations. The simple
objects of T, have infinite injective length and the injective hull 7 of the trivial 1-dimensional
g[M -module K plays a special role. In particular, the gIM -module / has also the structure of
a commutative associative algebra.

An essential novelty going beyond the ideas of [5] is that we write down an explicit
injective resolution of any simple object, and hence obtain explicit formulas for all Exts
between simple modules in T;.

Finally, following again [5], we define the desired universal category T,;. This is the
category of (gI™, I-modules, whose objects are the objects of T, which are free as I-
modules (in particular, / € T;) and whose morphisms are morphisms of gl -modules as
well as of /-modules. The tensor product in T; is ®; and the simple objects in the new
category are nothing but simple objects of T, tensored by /. These new simple objects have
finite injective length in T,. Moreover, as an object of T, the module [ is both simple and
injective. We compute explicitly all Exts between simple objects in T; by writing down
canonical injective resolutions of simples. In the case of Ty studied in [5], this yields a new
formula for the dimension of Extf’ro (I ® Lie; kg:vo,v1> I ® Ly 59:0,01) @s the multiplicity of
I®L t in the g-th layer of the socle filtration of the injective hull of the module
I® LAILJO:M&’M, where Ly, ioivo.v1s Loy ioi o, @r€ arbitrary simple objects in Ty and -
stands for conjugate Young diagram.

A brief outline of the contents is as follows. In Sect. 2 we define Mackey Lie algebras and
determine their ideals. In Sect. 3 we introduce the module /. In Sect. 4 we collect necessary
notions from category theory. In Sects. 5 and 6, which contain the technical bulk of the paper,
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we study the categories T, and T, respectively. We exhibit some unexpected combinatorial
symmetries of these categories in Sect. 7. In Sect. 8 we prove the universality property of T;.

2 Basic notions

The ground field for all vector spaces and tensor products is an algebraically closed field K
of characteristic 0, unless stated otherwise. We set ® := ®xk. If V is a vector space, then
V* := Hom(V, K) stands for the dual vector space and g[(V') denotes the Lie algebra of all
linear operators on V. By N we denote the natural numbers (including 0), and |A| stands for
the cardinality of a set A. We assume the Axiom of Choice, hence the class of cardinals is well
ordered. By definition, R is the smallest infinite cardinal (the cardinal of a countable set),
R is the successor of R, and X; is the successor of 8;_1 fort — 1 € N. We do not assume
the Continuum Hypothesis (or the Generalized Continuum Hypothesis), which means that
the equality 8| = 2%0 does not necessarily hold.

Let V be a vector space. For any subset A € V, we write spanA C V for the set of all
(finite) linear combinations of elements of A. A subset B C V is a basis of V, if spanB = V
and B is minimal with this property. The Axiom of Choice implies that every vector space
admits a basis. The dimension of a vector space is the cardinality of a basis.

The space of linear operators on a vector space V, considered as a Lie algebra, will be
denoted by gl(V).

If M is a module over a Lie algebra, or an associative algebra, the socle of M, socM is
the semisimple submodule of M. The socle filtration of M is defined inductively by setting
soc!M = socM, soc?M = nq__ll(soc(M/socq_'M)), where 7,1 : M — M/socq_lM
is the canonical projection. The layers of the socle filtration are defined as soc?/M :=
soc? M /soc?™ ' M. The socle filtration of a module M is exhaustive if M = li_r)n soc! M.

The socle filtration of a module of finite length is always exhaustive.
The radical of a M is the joint kernel of all homomorphisms from M to simple quotients.
Setting rad' M := radM and rad? M := rad(rad?~! M) we obtain the radical filtration of M.
In the main body of the paper we quote extensively results from previous works in which
the ground field is the field of complex numbers. We have ensured that all necessary results
hold over a general field K as above, and we do not mention this explicitly below.

2.1 Mackey Lie algebra and its structure

Let V, W be fixed vector spaces and
p: VW —->K

be a fixed nondegenerate pairing (nondegenerate bilinear form). This determines embeddings
W C V*and V C W*. The Mackey Lie algebra associated to the pairing p is

g™V, W) = {p e gl(V) : ¢*(W) C W},

where ¢* stands for the endomorphism of V* dual to ¢. We consider gi™ (V, W) as a Lie

subalgebra of gl(V), but it can also be considered as an associative subalgebra of EndV'.
We shall focus on the case where the vector spaces V and W are isomorphic and the pairing

is diagonalizable. The latter means that there exist bases {v; : b € B} of V and {w}, : b € B},

parametrized by the same set 3, so that, forv = Y v(b)v, € Vandw = Y, wb)wp, € W,
beB beB
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we have

p(v.w) =Y v(b)w(b).

beB

Recall that, by a classical theorem of G. Mackey [7], every nondegenerate pairing of
countable-dimensional vector spaces is diagonalizable. This result does not generalize to
higher dimensions, and we take the diagonalizability of p as an assumption. In this situation,
W is referred to as the restricted dual V, of V. Since W = V, and p are fixed, we shall
use the short notation gI™ for the Lie algebra g™ (v, V,). Also, we denote V := (V,)* and
assume that V is embedded in V by use of the pairing p.

From now on, we suppose that the dimension of V is an infinite cardinal number of the
form 8; with a fixed ¢+ € N. Let B be the index set for a fixed pair of dual bases of V and
Vi as above. We have |B| = R;. Since a pair of dual bases is fixed, both vector spaces V*
and V can be identified with the space Maps(5, K). For s < ¢ 4 1 we define V" and V, to
be the respective subspaces of V* and V, identified with the subspace {x € Maps(B, K) :
[supp(x)| < Ry} C Maps(B, K), where supp(x) := {b € B : x(b) # 0}. Thus V, = V,
V=V, V*=V* and V = V,,|.

Using [6, Theg;el:m 4.1], the reader can check that the cardinalities and the dimensions
of the vector spaces V*, Vv, g[M , EndV are all equal to |K|R’. The dimensions of V and V,
equal R, by definition, but the cardinalities |V | and |V| equal max{R;, |K|}. In addition,
when |K| = |K|™ we have |V| = |V,| = |V*| = |V| = |K|, while dim V* = dimV >
R; =dim V = dim V.

The notion of support is extended from vectors in V* to vectors in tensor powers (V*)®4

n . . -
as follows. Any v € (V*)®7 can be written as a finite sumv = " v{ ® v} ® ... ® v with
=1

vij € V*. We put
supp(v) = U supp(vij).
ij
Clearly [supp(v)| = max({| supp(vij )|}. The notion of cardinality of supportis well defined also
i,j

for elements of the quotient spaces V*/V{* by use of representatives. Analogous definitions
are valid for elements of V and V /V;.
The Mackey Lie algebra can be expressed as

g™ = {p € gl(V) : Vb € B, |supp(¢™*(xp))| < o0}
= {p € KP*B 1 Vb € B, [supp(gp, )| < 00, [supp(p. )| < oo},

where, as customary, ¢, 5 denotes the value of ¢ at (a, b) € B x B. After choosing a linear
order on 13, the Mackey Lie algebra can be identified with the space of B x 3-matrices with
finitely many nonzero entries in each row and each column, with commutator the Lie bracket.
The support of an element ¢ € gl with respect to the fixed basis, is defined as

supp(p) := {(a,b) € Bx B: ¢, # 0}.

The subalgebra gl(V, V,) .= V@V, C g[M is an ideal and consists of all elements in g[M
of finite rank. We put sl(V, V,,) := kerp. This is also an ideal of g[M . The set of elementary
matrices {e,,p := v, ® xp : a, b € B} is a basis of gl(V, V,).

Proposition 2.1 (/3])
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The filtration of length t + 2
Vi=VogCcVicVyc.cvi,=Vv"

is the socle filtration of the g™ -modules V*. The layers Vi, / Vi areirreducible. Analogous
statements hold for the filtration

V=VocVicVhC..CViy=V.

Consequently, the above filtrations of V* and V depend only on the pairing p and not on
the chosen basis of V used in their definition.

Our goal in the rest of this section is to determine all ideals of the Lie algebra g[M . We
also compute the socle and radical filtrations of the adjoint g™ -module. We start with

Lemma2.2 (i) The center of the Mackey Lie algebra consists of the scalar transformations
Kidy of V.
(i) For0 <s <t + 1, there is an ideal g[ﬁu C g[M given by

g = {p e g™ " (V) C V})
Proof The proof is straightforward. O

Remark 2.1 Note that gIg’ =gl(V, V,) and g[%l = g™ Furthermore, if gl is considered
as a subalgebra of gl(Vy) instead of gl(V), then the ideal g[éw is given by {y € g -
Y (V) C Vil

For any subset A C B we denote by g# the subalgebra whose elements are supported on
A x A. In particular, g[M = gB.If |A| = n is finite, then g* is a copy of gl,,. If |A| is infinite,
then g* is a Mackey Lie algebra for the obvious restriction of the pairing p. If A, B C B are
disjoint then g4 and g® commute, and we have a subalgebra of the form g @ g? ¢ g™,
which is block-diagonal if an order on B is chosen so that A < B.

Lemma23 Let ¢ € gIM. There exists a partition of B into a disjoint union of countable

(possibly finite) sets B = | | Cp such that
beB’

pely:= @gcb , i.e., supp(p) C |_| CbX2 , )]
beB’ beB’

where B’ is an arbitrarily chosen set of representatives of the sets partitioning B. Each set

Cy admits a partition into a disjoint union of finite sets C, = | | C}} (possibly with finitely
neN
many parts) so that

supp(p) C | | (U(czucl’,’*l)“) : )

beB’ \neN

Moreover, there exists a well-order on B, with respect to which the matrix of ¢ is block-
diagonal with blocks of (possibly finite) countable dimensions. Within each block there is a
block structure with finite blocks, such that all nonzero entries of the matrix of ¢ lie within
the main block-diagonal and the two adjacent block-diagonals.
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Proof For b € B we set Ay,(b) = {a € B : @ap, # 0 or ¢p, # 0}, and note that
Ay (D) is a finite subset of B since ¢ € gl™. We define an equivalence relation on B by
declaring two elements a,b € B equivalent if either a = b or there is a finite sequence
b = by, by, ...,by = asuchthatb; € A,(bj_1) for j = 1, ..., n. Each equivalence class is at
most countable. Let Cj, denote the equivalence class of b € B and let C; denote the (finite)
set of elements a for which a sequence by, ..., b, as above exists, but a shorter sequence does
not exist. Also let Cg := {b}. We fix a set of representatives B’ for the equivalence classes.
Thus we obtain a decomposition of B into finite subsets:

B=|_|<|_|C;;> . 3)

beB’ \neN

Now formula (2) follows by construction and implies formula (1). The asserted order
is defined as follows. For b € B, we define a well-order on Cj, by declaring b to be the
minimal element, ordering each C}’,’ well, and setting C[’j <C Z“ . These orders are combined
into a well-order of B through an arbitrarily well-order of B’. Moreover, the subalgebra
I, C g[M containing ¢ takes the form of a block-diagonal subalgebra with blocks of countable
dimension, and the remaining statements concerning the countable blocks of ¢ are easy to
verify. O

Remark 2.2 The block structure of the matrix of ¢ constructed in Lemma 2.3 can be made
transparent as follows. Let D € gl be the diagonal element with D, , =n + 1ifa € C),
where b € B’ is the unique element such that a € Cp. Then ¢ can be decomposed as
¢ = @1+ o+ @1 with [D, ¢;] = jg;. Hence ¢_1, ¢, ¢1 belong to any ideal of glM
containing ¢.

The matrix of ¢ is block-diagonal with respect to the decomposition (3), while the
matrices of ¢_1 and ¢ are supported respectively on the first block-diagonal below and
above the main block-diagonal. We observe that ¢ = ¢y if and only if ¢ is diagonal, i.e., if
B' = B. Furthermore, if ¢ is not diagonal and a block of ¢4 vanishes, then the transposed
block of ¢ is nonzero, i.e., for every b € B and every n € N such that CZ+1 is nonempty,
we have

supp(p) N ((C) x CPH Ut x C) # 0. 4)

Lemma 2.4 Let the matrix of ¢ € g™ have an infinite support, i.e., [supp(p)| = Ry with

s €10, ..., t}. In case s = t, suppose furthermore ¢ ¢ Kidy EBg[ﬁw. Then the ideal 3, C glM
M

generated by ¢ is equal to gl .

Proof For dimV = Rg and ¢ ¢ gl(V, V,) @ Kidy, the statement is proven in [8, Corollary
6.6] and the result is J, = g[M . We shall use Lemma 2.3 to reduce the general case to the
case dim V = 8. In what follows, we identify the elements of g[M with their matrices.
The first step is to show that the ideal J, contains a diagonal matrix whose support has
the cardinality of the support of . Let [, C g™ be the subalgebra containing ¢ provided by
Lemma23andletg = Y ¢® be resulting the decomposition, ¢*) being the projection of
beB’
¢ to g© . Foreach b € B’ there are two possibilities: Cy, is either finite, or infinite countable. If
Cy is finite, then the ideal generated by ¢® within g©» = glic,| contains diagonal matrices
by [8, Lemma 6.5] (there exists x, y,z € g such that [x, [y, [z, 9®]]] is diagonal). If
C) is infinite countable, we can apply the aforementioned statement [8, Corollary 6.6] to
o® € g€ because ¢® is not equal to the sum of a scalar matrix and a finite matrix by (4).
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We deduce that the ideal of g¢ generated by ¢® is the entire g¢» and contains, in particular,
the diagonal subalgebra of g¢.

Now suppose that ¢ is diagonal and either s < ¢ or ¢ ¢ Kidy & g[lM . For the next step
we will need a certain family of diagonal matrices ¢‘® belonging to Jy- Consider a splitting
of B in two parts, B = By U By, such that B; C supp(¢), |B1| = |supp(¢)], and there is an
injection f : By — By with @y, # @ r ), r) for all b € By. Put

1
x = Z —————ep ) » V= Z HOITONS
heB Pb.b — Pfb). f(b) beB

where g : By — Kiis arbitrary. Then

e® =y, [x, 0l = Y gBlens — gbB)esw, f)
beBB

is a diagonal matrix with support contained in 31 Ul f(531) and determined by the function g.
Next, using suitable matrices ¢(® we will show that any matrix in g[ﬁ | with zeros on

its diagonal actually belongs to J,. Let (g[M )diag=0 be the set of matrices with zeros on
the diagonal and ¥ € (g[M )diag=0 be an arbitrary matrix with [supp(v/)| = |supp(¢)|. Let

B= || Cp be the partition of B defined by v as in Lemma 2.3. Note that
beB’

suppp) € || G

beB":|Cpl>1

Hence the set B” = {b € B” : |Cp| > 1} has cardinality |supp(¢)|. There is a surjective
map

supp(p) — | | Cp =: Bs.
beB”

Let By C supp(¢) be any subset such that |B;| = [supp(¢)| and |B\B;| = |B|. Put B, :=
B\ Bj.Let f : Bi — B be an injection such that ¢, # @), fp) and Bz C By U f(By).

Then g : B; — K can be selected so that wé‘?l), #* got(f)a, whenever a, a’ € Cj, for some b and

a # a’'. The matrix ¢® satisfies
[0, (@™)diag=0 N Ty ] = (8" )aiag=0 N Iy

In particular ¢ € J,. We conclude that (g[M Vdiag=0 N g[ﬁ 1 C Jg» which in turn implies
g[ﬁl C Jp- Since ¢ eg[ﬁl,we getglﬁ‘?H =Jo- O

Corollary 2.5 The nonzero ideals of g[M contained in g[fw are exactly s\(V, V) and g[é”
fors € {0, ..., t}. There is a single proper ideal ofg[M strictly containing g[M, and this is
Kidy @ giM.

Proof Both statements follow immediately from Lemma 2.4. O

We are now in a position to describe the socle filtration of the Lie algebra g[M .
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Theorem 2.6 The adjoint g™ -module is indecomposable, has length t + 4, and its socle
filtration is given by

soclgl™ = Kidy @ sl(V, V,)

soc’ g™ = Kidy @ gl(V, V,) , soc’glM = qg= K

soc”3g[M = Kidy @g[ﬁl , @SHEIM = g[%—l/g[y o 8=0,.,0-1,

soc' g™ = g™ , soc P = g™ /(Kidy & gi}) .
Moreover, for s > 1 the layer soc* gt is a simple g™ -module.
Proof The submodules of the adjoint gl -module are the ideals of the Lie algebra g(™. We
begin with the chain of ideals obtained in Lemma 2.2, with added initial term s[(V, V,), i.e.,

sV, Vo cal(v, vy =gl cglff c...cg cgl, =g™. 5)

The Lie algebra sl(V, V.) is simple, being a direct limit of simple Lie algebras, and there
are no ideals of g[M between sl(V, V,) and gl(V, V,) because the quotient is 1-dimensional.
Moreover, Corollary 2.5 implies that all inclusions in (5) are essential, and that all quotients
g[ﬁl/g[?’l fors =0, ..., t — 1, as well as the quotient g[M/(KidV &) g[f”), are simple. Since
Kidy C soc! g[M , the statement about the socle filtration follows.

The fact that all inclusions in (5) are essential implies that in order to establish the inde-
composability of gI™ it suffices to show that the ideal Kidy does not split off. This is a
direct corollary of the famous assertion of Heisenberg that the equation [x, y] = idy has a
solution in infinite three-diagonal matrices. Classically this statement is known for ¢ = 0, but
it holds for any 7 since one easily constructs block-diagonal matrices x, y in gl \g[f” such
that [x, y] = idy. It is essential that each diagonal block, being a three-diagonal Heisenberg
matrix of countable size, has finite rows and columns, which ensures that x, y lie in g[M and
not just in gl(V). O

Corollary 2.7 The radical filtration of the adjoint g[M -module is the following modification
of filtration (5):

sV, V) Col(V, V) =gl)l cglff c...c g™, cKidy @ g c g, = g™
In other words,
rad'gi™ = Kidy @ gt , rad* g™ = g™ fors=1,..,1, rad P2 g™ = s((V, V,) .

Proof The statement follows immediately from the properties of the chain (5), and from the
fact that the direct sum Kidy @ g[rﬂf | 1s a direct sum of ideals. O

Theorem 2.8 The following is a complete list of nonzero proper ideals in the Mackey Lie
algebra g™ :

(i) the center Kidy ;
(i) sl(V, Vi),
(i) Kidy @ s((V, V,) = soc'gM;
@1v) K(zidy +epp) +5U(V, V) C soczg[Mfor arbitrary 7 € K\{0} and b € B; this ideal
depends only on 7z and not on b;
) g™ Csoct2gi™ fors =0, ..., t (recall that gi}! = gl(V, Vi),
i) Kidy @ gl = soc* g™ fors =0, ..., 1.
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Proof Let J C g™ be a nonzero proper ideal of gl and let r be the minimal integer such
that J C soc”gl™. Then r < r4 2 since any ¢ € gl which lies in the preimage of a nonzero
element of the simple quotient g[M /soc! T2 g[M generates g[M .If r = 1 then J is one of
the ideals (i),(ii),(iii). Assume 2 < r < t + 2. The minimality of r ensures that J projects
nontrivially to the layer soc” g(™, which is a simple module. We consider two cases, r = 2
andr > 2.Ifr > 2, then the layer@’g[M = g[ﬁw_z/glﬁw_3 is anontrivial simple gl -module.
Hence, the projection of J to g[ﬁw_ , is the entire g[ﬁw_ ». Since Kidy is central, we conclude
that g(™ , C 3. So the possibilities are J = g™, or J = Kidy @ gl ,, which account for
items (v) and (vi) in our list with » —2 = s > 0. The case r = 2 is covered by (v) and
(vi) for s = 0, along with the remaining item (iv). Indeed, if J C Kid & gl(V, V,) projects
nontrivially to ﬂzg[M = K, we have either socy = Kidy & sl(V, V,) or socy = sl(V, Vy).
In the former case, we get J = Kid & gl(V, V,) covering item (vi), s = 0. In the latter case,
since soczg[M/sl(V, V,) = K @ K, we conclude that soc2y = K and J is generated by an
element of the form ¢ = zidy + e, with a suitable z € K and any b € B (it is clear that all
b € B yield the same ideal for a fixed z). For z = 0 we obtain J = gl(V, V,) covering item
(v) with s = 0. For z # 0 we obtain item (iv). ]

Corollary 2.9 The only ideal of g[M which is not principal, i.e., is not generated by one
element, is Kidy @ gl(V, V,).

Proof The result follows from the above proof and Lemma 2.4. O

Remark 2.3 The ideals of item (iv) in Theorem 2.8 are very similar to certain ideals of the
Lie algebra gl(V) found in [12], see also [1].

2.2 Tensor algebras and Schur functors

Let us recall some general results for decompositions of tensor powers.

We denote by 7'(X) the tensor algebra generated by a vector space X. For any Young
diagram A and any vector space X, we denote by X the image of X under the Schur functor
corresponding to A: X; C X®* Here |A| denotes the number of boxes in A. Also, we denote
by A the set of Young diagrams, by # the empty diagram, and by A" the transposed Young
diagram (the corresponding partition is called conjugate). Standard Schur-Weyl duality yields
the following decomposition in our context

X" = PKex, . TX)=PK &x.
A

[A|=m

where K* is the irreducible module of the symmetric group on || letters determined by
the partition A. The m-the symmetric and skew-symmetric tensor powers S”'X and A™ X
correspond to A = (m) and A = (1, ..., 1), respectively.

We denote by ¢) : X®*I — X the projection associated to a standard Young tableau of
shape A, which we fix once and for all to be the tableau where the numbers 1, ..., || fill the
boxes of X in their initial order.

Proposition 2.10 ([5, Proposition 2.2]; [8, § 4])
Let X, Y be two objects in a tensor category. Then the following hold.

1. Form,n>0,X®"gY® = @ K oK'e®X,Q7Y,
hl=m.lpl=n
2. Form=>0,S"(X®Y)= @ X, Q7.
NE
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3. Form=>0, A"(X®Y)= @ X,QY,..
|X|=m

2.3 Dense subalgebras

Definition 2.1 Let & be a Lie algebra, R be a &-module, and $ C & a subalgebra. The
subalgebra §) is said to act densely on R, if for any finite subset of vectors ry, ..., r, € R and
any g € &, there exists 1 € §suchthatg-rj =h-rjforj=1,..,n.

Proposition 2.11 Let & be a Lie algebra and R be a &-module.

(a) If a subalgebra $ C & acts densely on R, then ) acts densely on the tensor algebra
T (R) and on all its subquotients.

(b) If & acts densely on R as a subalgebra of gl(R) (R considered as a vector space), then
for any partition A the &-module R)_is simple with Endg R) = K.

(c) If 3 is an ideal of ® acting densely and irreducibly on R with EndyR = K, then the
functor

e®R:B/J—mod — G—mod

is fully faithful; it sends simple modules to simple modules and essential inclusions to
essential inclusions.

Proofs are given in [8, Lemma 7.3] for part (a), [3, Proposition 4.5] for part (b), [3,
Lemma 4.4] and [5, Lemma 3.3] for part (c).

3 The module/

Consider the canonical projection
P:VRV — VR V*/(U(V, V) +sl(V, V) =0, (6)

where sl(V, V*) := ker(V ® V* — K) and sl(V, V) := ker(V ® Vi, — K). Recall that
gl(V, V) =V V,andsl(V,V,) =ker(p: V ® V, — K) are ideals of gI™. Hence

g=pVeV)=pVeV =pVeV,)cQ

is a 1-dimensional trivial g[M -module, generated by p(vp ® xp) for an arbitrary b € B.
Consequently, there is a short exact sequence of gl -modules

0—>K-—>0-5F—0, )

where ((K) = q with ¢(1) = p(vp @ xp) forany b € Band F := V/V Q@ V*/V,.
We define a gl -module by setting

I :=lim $*Q, )
E—
where 1 : SKQ < S¥T1(Q is the map generalizing 1o = ¢, given by
SE0 = SFQ @K U sko @ o "ML gkl

The exact sequence (7) generalizes, for k € N, to

0— sko 5 skl I sk p 0. ©9)
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It follows that the successive quotients (or layers) of the defining filtration of I are S F for
k=0,1,2, ...

Proposition 3.1 ([5])

The module I carries a commutative algebra structure, made evident by the isomorphism
ofg[M-modules I =2 8°0/(1 — (1)), where (1 — (1)) denotes the ideal of S® Q generated
by 1 —(1).

We observe that for every pair of natural numbers r, s < ¢ + 1 there is a g[M -submodule
of Q defined as

0 =p(V, ® V) C 0.

Since ¢ C Q" the construction of I can be repeated with Q" * instead of Q, yielding a
g[M -module

[ = lim $*Q"* (10)
k— 00
which is an essential extension of the trivial module q = K. Thus we obtain a family of
g[M -submodules and commutative subalgebras of I:
qc I crt Mt =1 rs <t 41

Note that I"* c 1" if and onlyifr <r’ands <s'.

o0
Our next aim is to define a morphism of g!™-modules ¢ : I — FQI.LetS*Q = &P skQ
k=0
be the symmetric algebra over Q, and
A:S5°0— S°0®S5°0 , A(w=vR1+1QuvforveQ

be the comultiplication which defines a Hopf algebra structure on S°® Q. The comultiplication
is a morphism of g[M -modules. We denote by

AL:sf0 > SIS0

koo .
the composition of the restriction A : S¥Q — P So® Sk=7 O with the projection to the
Jj=0
j-th summand.
For k € N we have a morphism vk = (m ®@id) o A]f:

k. ok A k—1 ) TkSid k—1
YriSt0 — 0®ST0— FeSTQ.
This enables us to define the morphism ¥ by setting
vo=limy*: 1 — F®I. (11)
Lemma 3.2 We have ¥*t1 o i = (id ® te—1) o Y.

Proof The argument in [5, Sect. 3.1] can be repeated in our context without alteration. O

Lemma 3.3 The kernel of v is I-dimensional, given by kery = q = K.
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Proof Since ker(m; ® id) = (tx 0 ...0t1)(q) ® Sk=10, we have

kery* = (AD (o ..o)(@ @ 55710)
= (xo0...0ot)(q) .
]
The constructions of this subsection can be carried out for "% (see formula (10)) instead

of I. One only needs to replace Q by Q"% and F by F™* =V, /V ® V,*/ V. The restricted
morphism s 1 175 — F™° @ I™* factors through 1™° — 1" /q.

4 Background from category theory
4.1 Ordered Grothendieck categories

Definition 4.1 ([5, Def. 2.3]) Let (P, <) be a poset. An ordered Grothendieck category with
underlying order (P, <) is a Grothendieck category C with a given set of objects X;, i € P
with the following properties.

(a) The objects X; have exhaustive socle filtrations.

(b) Every object in C is a subquotient of a direct sum of copies of various X;.

(c) For every isomorphism type of simple objects in C there exists a unique i € P such that
this type occurs in

Si := {isomorphism types of simples in socX;}.

(d) Simple subquotients of X; outside socX; are in the socle of some X ; with j < i.

(e) Each X; is a direct sum of objects with simple socle.

(f) For j < i, the maximal subobject X;. ; C X; whose simple constituents belong to
various Sy fori > k ﬁ Jj is the common kernel of a family of morphisms X; — X ;.

We refer to X;, i € P as the order-defining objects of the ordered Grothendieck category C.
Proposition 4.1 ([3, Proposition 2.5, Corollary 2.6])

Let U be a simple subobject in socX; for some i € P and let U be the direct summand of
X; such that U = socU. Then U is an injective hull of U.

The indecomposable injective objects in C are, up to isomorphism, precisely the indecom-
posable summands of the objects X;, i € P.

4.2 Tensor categories

Let C be a tensor category.

Remark4.1 Let 0 — x’ — x — x” — 0 be a short exact sequence in a tensor category.

Then the symmetric power S¥x has a filtration 0 = F_y C Fy C ... C F, = Skx with
F/Fj_1 = S*Ix'® §/x" for0 < j <k.

Lemma 4.2 Suppose that the tensor product of any two injective objects in C is again an
injective object. Let

0->U ->M > M > M > ... > M" >0

05U, >N >N > N2 .S N >0
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be injective resolutions of two objects Uy, Ua. Then an injective resolution of Uy ® Uy is
given by

0> U ®U, — R — R' - R? — ... — R"™ 0,

k . .
where R¥ = @ M*=/ ® N/ fork = 0,1, ...,m + n, and the differential of this complex,
j=0
restricted to M¥=1 ® N, equals the tensor product of the respective differential of the initial
two complexes.

Proof The exactness of the resulting sequence follows from the Kiinneth formula. The mod-
ules R’ are injective, by hypothesis, and hence we have and injective resolution. O

Definition 4.2 A simple object in a tensor category is called pure, if it is not isomorphic to
the tensor product of two nontrivial simple objects.

5 Categories of tensor modules for Mackey Lie algebras

We denote by T; the smallest full tensor Grothendieck subcategory of gI™ -mod that contains
V*and V and is closed under taking subquotients. For any set of objects X, Y, ... in T;, we
denote by T(X, Y, ...) the smallest full tensor Grothendieck subcategory of T; containing
these objects and closed under taking subquotients. In particular, T, = T(V*, V). Since ¢ is
fixed in the discussion, we abbreviate the notation to T = T, most of the time.

5.1 The category T'(V,, V)

Here we recollect some known results on the category T(V,, V) that will serve as building
blocks for some subsequent constructions. As before, A stands for the set of Young diagrams
and its elements are usually denoted by A, u, etc.

For any pair of nonnegative integers /, m we have a gI*-module decomposition

vEReVEr = P K @K'® (V). ® V.
A=l al=m

For (i, j) € {1, ..., lul} x {1, ..., [v|} we denote by p; ; : VEI @ VE™ — y2I~D g y®m—1
the contraction obtained by applying p : V., ® V — K to the i-th tensorand of V*®l and the
j-th tensorand of V®", The submodule annihilated by all these contractions is

Viem = ﬂker(pi,j) C V*®l Ve,
i,j
For any pair of Young diagrams X,  with |[A] = [ and |u| = m, and any fixed copy of
(Vi);. ® V,, inside V' ® V™, we denote
Vi = [V ker®i v, 0v,)-
i.j

More generally, for a pair of nonnegative integers 2, n and a pair of multiindices of the same
sizei ={1 <i1 <..<iy <m},j={l <j <..< jr <n}, we have a morphism of
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g[M -modules

P IV*®m ® V®n N V*®(m*k) ® V®(”*k)

k
X ® .. ®xp) Q@ (V] ® ... V) > (]_[p(xi, ® v;,)>(®i¢;Xi) ® (®jgjv)) -
=1

Proposition 5.1 For any pair of Young diagrams X, u, the representation V., of g[M is
irreducible and the action of the subalgebra gl(V, V,) C g[M on V., is dense in the sense
of Definition 2.1.

Proof In the case where V has countable dimension (i.e., # = 0) the result is proven in [8] in
two steps: first showing that gl(V, V) acts densely on V @ V, as a subalgebra of g™, and
second, using the fact that Vj;,, is a gIM -submodule of the tensor algebra T(V & V,) and
applying Proposition 2.11,(a).

The general case can be reduced to the case + = 0 by means of Lemma 2.3. Indeed, let
Fly.oniyn € V@ Vyand g € g[M‘ By Lemma 2.3 there is a well-order on B such that the
matrix of ¢ is block-diagonal with blocks of countable dimension. Let C C B be the union of
the index sets of the blocks of ¢ where the supports of rq, ..., r, occur. Then C is countable
and we have rq, ..., 7y, @r1, ..., oy, € U @ Uy, where U := span{v, : b € C} C V and
Ui = {xp : b € C}) C V.. Now we can apply the argument of [8] outlined above to infer
the existence of ¢ € gl(U, Uy) C gl(V, Vi) such that gr; = ¢r; for j =1, ..., n. O

Proposition 5.2 ([8, Theorem 4.1])
Let 1, m be nonnegative integers. The socle filtration of the s\(V, V,.)-module V*®] ®Ven
is given by

socd! (VI @ V") = (] ker(pi;) . k=1, .. min{l,m}.
#i=tj=k

In particular,

soc(V*®l QVE)y =V = @ K @ K*® Vi
[A|=L, | pn|=m

Theorem 5.3 ([9, Th. 2.3], [8, § 4])
Let ), ;v € A be Young diagrams. Then the layers of the socle filtration of the sl(V, Vy)-
module (V,)) ® V,, have the following isotypic decompositions

sod (V@ V)= @D gl Ve . where Bl =" NN . (12)
§.ne:|r|—|§|=k veA

The same applies for the Mackey Lie algebra g[M instead of s\(V, V).

Itis an elementary but essential observation that hgi" # 0 implies that there exists a unique
k= KE = | = [€] = |l — In] such that % = Hom(Vsy, soc 1 (Vi) ® Vi) # 0.
Definition 5.1 Let P be the poset with underlying set N? and the following relation:

[l—m=1—m

. o7
(m) <(sm) <= I<l.m<m -
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Theorem 5.4 ([3, §4.2])
The category T(Vy, V) is an ordered Grothendieck category with order-defining objects
(V) ®' @ VO™ parametrized by the poset P. The socles of the order-defining objects are

SOC((V*)®Z ® V®m) = Vl;m'

The simple objects and the indecomposable injectives of T(V,, V) are, up to isomorphism,
respectively, Vi, and (Vi) @ V, with A, u € A.

The next theorem describes injective resolutions of the simple objects in T'(V, V).

Theorem 5.5 ([8, 9]) For any pair of Young diagrams X, |, the simple g[M-module Vien
admits the following injective resolution in T(Vy, V) of length |x N u™*|:

0= Vi = Z°(Vip) = T (Vi) = ... > I (V) — 0,

; A A
with T8 (V3. ,) = @ mg;i; - (Vi)e @ V) where mé;’; = NQ‘VN:&”
§.neA:|r|—|§]=k veA

Consequently, for k > 0
Exty, vy (Veins Vi) = Hom (V0 soc ™ ((V,), ® V1)),

. . A
andExth}(V*,V)(Vg;,,, Vi) # Oimplies k = kg;# = |Al — [&] = 1] = Inl.

Mpo_ hk;;ﬁ
&

In addition we observe that m fopl

5.2 Some families of tensor modules

In this section, generalizing constructions of [3, 5], we determine the simple g[M -subquotients
of the tensor algebra T(V* @ V). We also define and study several families of g[M -modules
relevant for the structure of T, as an ordered Grothendieck category.

We let

A=A A x A x AT

be the set of 2(¢ 4 2)-tuples of diagrams. We view its elements A € A as pairs of sequences
of length (# 4+ 2), notation-wise separated by semicolon, with indices increasing outwards,
and unindexed initial entries, i.e.,

A= (he, A5 1, te) = (Apy ooy A0,y A5 1, LU0, oovs i)

If the tail of a sequence v, = (vp, ..., V;) consists of empty diagrams, we often omit these
empty diagrams if the number ¢ is fixed in the context. The sequence of empty diagrams is
denoted by @,.

We define the following four families of modules indexed by the set A:

t o _
Lienippe = (®O(V;+]/V:)}\u> QViu® <é®0(vﬁ+l/vﬂ)uﬁ> )
Pt -

t _ o
Brudinnn = (c_@ow*/vsm) BV eV, ® (@OW/V;;)M) oW

Do =1 @ Do nsppe
Ky rsppme =1 & Ly, sy -
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Further, let
P = NTI x N x N x N+! (14)

be the set of (27 + 4)-tuple of nonnegative integers, which we convene notation-wise to split
into two sequences of equal length and write as

l=(s,l;m,mg) =, ... Lo, I;m, mog, ...,m;),

similarly to the elements of A. We define the following families of modules parametrized by

P:

Li, t;mm,

t . i
<®O(V;+1/VJ)®la) QVim ® (/;g)o(vﬂﬂ/vﬁ)eamﬁ) 7

i tmmy = (é (V*/VJ)@“) QR (VH® @ (V)®" @ (é (V/Vﬁ)®mﬁ> , (15)
a=0 =0

Ly ismme =1 ® Jiy timom,
Kitsmme =1 & Li, 1;mm, -

Remark 5.1 Notation-wise, it will sometimes be convenient to include / and m into the indexed
sequences /o and me as [ = [_1 and m = m_j, respectively. In other words, P will be
interpreted alternatively as N'*! x N x N x N'*! or as N'*2 x N'*2_ Correspondingly, we
set V¥ :=0 C V* and V_1 :=0 C V. The range of the index will be made clear in the
context, with the initial convention as default. We do similarly for the elements of A.

There is a natural map from A to P given by component-wise size:

[1:A = P, (e, A5 i pa) > (IRals M]3 |12], [ 12a])-

We use the same notation for the map

t
|12 P =N, Aoy limome) > Lm0y (o +mg),

a=0
and we denote the composition of these two maps by

t
-1l A= N, (Re, A5 iy po) = |2+ | +Z|)»a| + [1al-

a=0

We denote the symmetric group on n letters by S, and for I = (I, [; m, me) € P we let
G be the product of 2¢ symmetric groups of sizes corresponding to the entries of I:

G =6, Xx..x6y xEG xG, x Gy X ... x G, . (16)

Note that G; acts naturally on each of the modules (15), and

Ly = @Kl@Lx, Jr = @K)‘@Ux, I = @K)‘@HA, K = @Kl@)lﬁ
A=l A=l A=l A=
17)

(recall that K* denotes the irreducible representation of &; determined by A € A).
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5.2.1 Simple tensor modules

Theorem 5.6 Let A = (Ao, A5 14, ibe) € A and let Ly, Jy, be as in (13). Then the g[M-module
Ly is simple and Ly = socJy. In particular, the inclusion Ly C Jy is essential.

The proof will be given after some technical preparation. Let us note that the case (1o = e
is settled in [3, Lemma 4.9]. We shall combine this fact with a suitable generalization of [4,
Proposition 4.1 and Corollary 4.3] to obtain the complete result.

Lemma5.7 Let vy, ..., vp, Wy, ..., wp € V with vy, ..., v, linearly independent modulo Vi,
and X1, ..., Xg, Y1, .., ¥g € V¥ with x1, ..., x4 linearly independent modulo V. Then there
exists ¢ € g™ such that ¢ (v;) = w; and p*(xj)=yjforalli=1,...,pand j=1,..,q.

Proof The argument is analogous to the proof of [4, Lemma 4.2], but with transfinite recur-
sion. Recall that 5 is the index set for a basis of V, and assume that 5 is ordered by the
initial ordinal number with cardinality |B| = &;. In particular B is well-ordered and, since
the cardinals ®; for € N are regular, for every b € B the set B~ := {c € B: b < c} has
the same cardinality X; as B while B<j, := {c¢ € B : ¢ < b} has strictly smaller cardinality.
Let M be the matrix of size B x p with columns vy, ..., v, and N be the matrix of size g x B
with rows xy, ..., x,. For b € B, let M (b) and N (b) denote the corresponding row of M and,
respectively, column of N. The set of indices of the rows appearing in a given p X p-minor
of M, respectively ¢ x g-minor of N, will be called the support of that minor. The set of
nonsingular p x p-minors of M has cardinality 8. Furthermore, it contains a subset, say M,
such that | M| = R; and distinct elements of M are supported on disjoint sets of rows of M.
Let B — M, b > M) be any injective map. Let M), be the X, x p-matrix obtained from
M by replacing the minor M}, by its inverse and setting all other rows equal to 0. Similarly,
there exists an injection B — N, b > N, defined using the matrix N and its ¢ x g-minors.
We also use the analogous notation N, for the resulting ¢ x X, matrices. The assumption on
the order of B guarantees that the assignments b — M}, and b +— N, can be made so that
for every b € B and every ¢ € supp(M;) U supp(N;,) we have b < c.

Now we are ready to give a recursive definition of ¢ as a matrix with respect to the chosen
order of B. Let by be the minimal element of B. Define the first row of ¢ by setting ¢(p,,4) := 0
for a ¢ supp(Mp,) and

@bo.ar)s -+ Pbo.ap)) = (W1(b0), ooy wp (BO) M|

if supp(Mp,) = {a1, ..., ap}.
The first column has now its first entry ¢, 5, fixed. Put ¢ py) = 0 for ¢ ¢ {bo} U
supp(Np,) and
@(e1,bo) yi(bo) x1(bo)
. . -1 .
: = =Ny, : + ©(vo.bo)
P(cq.bo) ¥4 (bo) xq(bo)
if supp(Npy) = {c1, ..., ¢4}
Let b € B and assume that the rows and columns of ¢ are given for indices strictly smaller

than b. To define the b-th row ¢, .) we extend the given data by setting ¢4y := 0ifd > b
and d ¢ supp(Mp), and

(@b.dy)s o Pb.dy)) = (W1 (D), ..., wp (D)) — wa,a)(vl(a), Up(a)))Ml;l

a<b
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if supp(M;) = {d1, ..., d)}. Similarly, we extend the b-th column by 0 outside supp(Np) and
put

@e1,b) yi(b) xi(a)
. . -1 .
=N A R T
Pley.b) yg(b)) a=b xg(a)
if supp(Np) = {ey, ..., ¢4}. The resulting matrix ¢ determines an element of g[M which
satisfies the required properties by construction. O
Lemma5.8 Ler 0 < o) < o< ap <t be n natural numbers. For m € {1, ...,n}, let
' v;’,’m, wi', ..., w"fm € Vopir/ Vo, and x7", ...,x;’}‘”, LA yt’]’; € VjIHI/ij be arbi-
trary pairs of tuples of vectors in the respective spaces.
If the tuples {vY", ..., v} } and {x{", ..., xj! } are linearly independent for every m, then

there exists a transformation ¢ € gi™ such that

p(}) =w} and go*(x;?l) =y} Vj,Vm.

Proof We shall reduce the statement to the case of Lemma 5.7. Let 0", 111'/" € V and
)E;.", i;” € V* be representatives of the respective elements. We define subsets Ay, ..., A,
of B by setting

Ap = Uj(supp(3}") U supp(w})) U (U;(supp(x}") U supp(¥7')))

Note that |A,,| = ¥, and, by the hypothesis of linear independence, the above represen-
tatives can be chosen so that A,, N A; = @ if m # [. As in the previous lemma, we fix a
well-order of B and work with g{™ as a matrix algebra. If necessary, we change the order
sothat A] < Ar < ... < A,. Let g C g[M be the subalgebra consisting of elements
with supports in A,, X A,,. Note that g4~ is isomorphic to the Mackey Lie algebra of the
restriction of the pairing p to K4,, ® V4,,, where K4, := span{x, : a € A} C Kg =V,
and V,, = span{y, : a € A,,} C Vg :=V.Letl = gA' ®..6 gA" be the resulting
block-diagonal subalgebra of g[M , which is clearly contained in the ideal g[y” +1- Thus it
suffices to show that, for every m € {1, ..., n}, there exists ¢,, € gAm such that go(v;”) = w;."

and ¢* (x;.") = y’;l for all j. Furthermore, the elements v’}’, w;” can be seen as elements of the

quotient VA / Vé,;” and similarly x;", y;." in KA / Kéﬂ’;’ . Thus we have n occurrences of the
situation of Lemma 5.7 in distinct dimensions Ry, , ..., Ry, , which is the claimed reduction.
O

Lemma5.9 The gt™-module L;, y.p. .. is simple for he, ite € A'T1.

Proof Let L := Lj, g.¢,,,, and note that L = L, g.p.9, ® Ly, 0.9, 1. - We follow the idea of
the proof of [4, Prop. 4.1] and use the simplicity of Lj, .44, (and analogously Ly, ¢4, ,.,)
established in [3, Prop. 4.2]. We identify L with the submodule of L ;| ¢.p,|.,| obtained as
the image of the product of Young symmetrizers ¢;, ® cu, = (QuCi,) ® (RuCy, ), Where
we use the convention for ¢, v € A, from Sect.2.2.

Let M,, C L be the g™ -submodule generated by a fixed w € L \ {0}. The decomposition
L =Ly, g.0.0. ® Ly, 3.0, ., enables us to express w as a finite sum of decomposable tensors,
w= Zj x/ ® v/. By the argument of [2, Prop. 1], we can assume (up to applying a suitable
sequence of elements of g[M ) that the sets A} = U; supp(xj )and Ay =U; supp(vj ) are two
disjoint infinite subsets of 53, and there exist subsets By, B, C BwithA; C Bj,BijNB, =0
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and |B| = |B2] = |B] = 8. Let [ = gB1 @ g% c gB = gI™ be the corresponding

block-diagonal subalgebra; note that there are isomorphisms g5 = g8 = g[™ The Lie
algebra [ acts on the space Lf.‘ g9, Of vectors in Ly g.4 ¢, supported on By, as well as on

B . B
the space L@f’w;w’m of vectors in Ly, ¢.4,,., supported on B;. Furthermore, Lx.l,(/J; p.p, and

Lg > oo are irreducible [-modules since they are irreducible respectively over gB and g?
by [3, Prop. 4.2]. Hence
B By
Livoon, ®Ly g, © Mo

is an irreducible [-submodule of M,,. This [-submodule is spanned by the vectors of the form
CreX ® cy, v, with x € Lﬁl 10:0.0 andv € ng 0:0. 20| supported respectively on By and B;.

To show that Lf."@%@. ® Lgf,m). . generates the entire Ly, ¢:¢, ., Over al™ we will apply
Lemma 5.8. To connect to the setting of the lemma we note that: the /-th tensor power U®/
of a vector space U is spanned by the set of decomposable tensors u = u| ® ... ® u; with
linearly independent tensorands u1, ..., u;, the Schur projection c; (u) of such u is non-zero

for any A € A of size /, and U, is spanned by the set of such ¢, (). Thus, our proof will be
complete if we show that (cx, ® ¢y, )(w) € M,, for any fixed w’ € Lyy,| g:4,|...| Of the form

t t
w = (®(yf‘ R...Q y&a)> ® <®(u‘f R..® u";\al)>

a=0 a=0

with y¥, ..., yl"/‘\a‘ € Vi, ,/Vy linearly independent and uf, ..., M?Mﬂ € VQH/\_/S, linearly
independent. By the first part of the proof we may assume that w = (cj, ® ¢, )(w) for

t t
W= <®(x‘f‘ ® ... ®x|",‘\a)> ® (®(v‘f‘ ®..® v&a)> € Lip o0 )

a=0 a=0

with x§, ..., x&ul € V; 1 /V; supported on By and linearly independent, and v{, ..., vma‘ €

Va+1/ Ve supported on B, and linearly independent. Then we apply Lemma 5.8, several
times if necessary, to obtain a sequence of elements ¢y, ..., ¢ € g[M such that

@ro...op (W) =w.

Hence My 3 ¢ o ... o @1 (w) = (ca, ® cu)(@r 0 ... 0 @1 (W) = (ca, @ cp,)(w'), which
implies M,, = L as desired. O

Proof of Theorem 5.6 To verify the simplicity of L;, ;... We start with the decomposition
Ljonppe = Ly :0,us ® Ly, where both tensorands are simple due to Lemma 5.9 and
Theorem 5.4. Now, Proposition 5.1 allows us to invoke Proposition 2.11,(c) for & = g[M ,J =
gl(V, Vo), R = L;.;, = V.., and apply the functor ¢ ® R to the simple module Ly, 4.4, ., -
This confirms that L;, ;.. ., is simple. Finally, the inclusion Lj, j:u ue C Jao i:ji e 18
essential as a consequence of Lemma 5.8 and the fact that Vj., is essential in V¥ ® V,. O

Theorem 5.10 The simple modules Ly for A = (Lo, A; [L, Le) € A are pairwise nonisomor-
phic and have scalar endomorphism algebras, EndL) = K.

Proof There are known cases of the theorem, as follows. The case e = ¥, (and by anal-

ogy the case A, = @,) is proven in [3, Proposition 4.2]. The case t = 0 is proven in [S5,
Theorem 3.6]. A combination of the two methods of proof yields the general result. O
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5.2.2 Tensor products of simple tensor modules

Here we study the socle filtration of a tensor product Ly ® Ly of two simple tensor modules
for A = (e, A; 1, o) and A" = (A,, A p/, ) in A. It turns out that the difficulty is
concentrated in the tensor product Vy;,, ® Vy., of simple modules in T(V,, V). We handle
this case in the following lemma.

Lemma5.11 Let A, u, M, i’ € A be four Young diagrams. The layers of the socle filtration
of the tensor product of the simple modules V., and V., are

+1 ~ (i), (s
soc? (VA;M ® V)J;;/J) = @ PN “View
K, VEN:|A+IM|—|Kk]|=¢q

where the multiplicities can be expressed as

), (51 _ ¢ A0 50
B c 6ze:A NM/N/AM hK v
w2 gimrmj-1, 5ot e g
- —1y YAl T h h NS N
I & Zsr eoino"egon o IL Mejons = P WNeg Mo

N0s -+ NMr»
L
N -eor My
,0 e A

léol+1&) 1 <IAl+12/|
I 1+1EF <181 1+ |

O<j<r

with the numbers h:: defined in (12). (Note that the sum over r is empty if |L|+|1/|—|«| = 0,
and the product over j is empty if r=0.)

Proof First recall that the tensor products (V4); ® (Vi) and V,, ® Vs are semisimple, and
that the socle filtration of (Vi); ® V,, i.e., the case u = ¥ = 1/, is known from Theorem
5.3. Since V. = soc((Vi)x ® V) and Vi, = soc((Vi),y ® V1) we have an inclusion
of the module W := Vy.u ® Vy.,v in the module W= = Vo ® V ® (Vi) ® V. The
module W decomposes as

W= (V) ®Vu® (Vi ® Vi = @) Ny N, - (Vo) @ Vi
¢,0€eA

and, by Theorem 5.3, the layers of its socle filtration are

X7\~ [
soc? T (W) = E > NGNS D] View.
ke +IN |—|k|=g \¢.0eA
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On the other hand, we can express the above layers as

socd (W)= @ soc”t! (soc ! ((Vi)s @ Vi) ® soc/ (Vi) ® Vi)

i+j+p=q
~ 1 A
= 69_ socP* /69/ he. ,]hgf Ve @ Very
l+]+p_q E, n’ E ’ T) e A
Al =&l =i
=18 =J

We observe that

soc(W) = soc(W) = GB Nf,vN;:M, Vi

K, VEA

and, more generally, soc?t! (W) occurs as the summand correspondingtoi = j =0, p = ¢
in soc?+1 (W). Hence

soc?TH W) = soc? TN (W) /(- @ soct T (soc (Vi) ® Vi) ®soc! T (Vi) @V).

0<i+j=<q
We derive the following recursive formula for the multiplicities nEA “)) Wi,
i), W) _ ISENT CG At €.
PN Z N3N ohy Z h & hé/ iesv)
¢,0en Em.E e N lE[HIE | <AV

Now, the formula for n()‘ " )) A5 claimed in the lemma follows by induction on |A| + [A'|. O

Proposition 5.12 Ler (Ao, A; 1, he), (AL, A5 (/s (1)) € A.

(a) The simple module Ly, ;.. .. is pure if and only if either just the two inner diagrams
A, (L are nonempty, or all diagrams except at most one are empty.

(b) For the layers of the socle filtration of the tensor product Ly, j;pp, ® Lz o, we
have

@qul(LA.J»;/L,/A. & Ly v ) = Ly vihpe ® Ly, g1, ®@q+l(v)\;u & Vi)
~ Ke Ve A50), (W51
= @ (NA A, NM.M,—(K V) ) “Liy.ic;v,v,
(kokc,v,v0) EA:[AH]V | =i |=¢
E. . 1+l
where N2, = ]_[ n for &g, e, Lo € A

(c) The socle ofLA Aitae @ Loy o, u, decomposes as

~ Ke v Ve
$0¢(Laypie ® L) = @ Ni NN Ny Licwsvi,-

(Keosk;V,Ve)EA

(d) The tensor product Ly, ;. ® Ly, 3;p ), is a semisimple module if and only if at least
one of the following four conditions holds:

A=u=0r=N=0N=p=0u=u =0
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(e) The tensor product Ly, j.p.9, ® Ly, p:1u,u. has socle filtration of length |\ N u| with
layers

+1 ~ A
soc?™ (L, 0.0, ® Ly, ppps) = @ hK;U “Liseivpie-
K, veA:|A|—|k|=q

Proof Part (a) follows immediately from the classification of simple modules. Part (b) implies
parts (c),(d) and (e) as special cases. To prove part (b) we begin with the following decom-
position:

~ Ko Ve
Ly, gt ® LA’.,M;V),W. = @ N)L A N, ot Ly 00,0, -
(K.;v.)EA’HXA’H

Indeed, this decomposition holds over the Lie algebra

!
@g[( +1/V ) @ @g[(VﬂH/Vﬂ
=0

and, by Theorem 5.6, remains unchanged after restriction to g[M . Hence the module
L, 0.6, ® Ly, 30,0, 1s semisimple. Furthermore, again by Theorem 5.6, the tensor product
Ly, 3:0,v, ® Vg.y is isomorphic to Ly, ¢.,, v, and remains simple.

Next, observe that essential extensions between submodules of V*®I ® VO remain essen-
tial after tensoring by L, ¢.4,.,  because this holds for the restriction of these representations
to gl(V, Vi) which acts trivially on L, g.¢,.,. From these observations we deduce that

&q+l(LA.,)L:/L,M. ® L)J.,N;;A’,y,’.) = L}\.,(A;V),,u, ® Lk’.,@;@,;ﬂ. ®&q+l(vk;u ® V)L’;u/)-
Now the full the statement of part (b) follows from Lemma 5.11. ]

The semisimplicity of the tensor products of “one-sided” simple modules, i.e., Lj, 1.g ®

L ;008 Ly 3, ® Ly i i, - as well as the obvious symmetry between the two cases, prompts

us to introduce the following notation for any A,, /L(l) . (m) e AT

Ao A5
NMQ).”M(.,") := dim Hom(Vy, ¢.4, VMEI)sW@ R Q Vll_(.nz),@;@)

= dim Hom (V. , V. ®---®V m
Va:o.00s Vg 0 ()) (18)

m—2 (m—2)

o
= Z HN (O (1)( l_[ N 1o, (r) )N ‘(Xm—]) (m) *
Ha Ha

0.(1) .... (m Z)EA"H o Ha

5.2.3 Two orders and a family of morphisms

Here we introduce two partial orders on the set P defined in (14). Forl, = (lp, ..., ;) € N+

we denote |l,| := Zl and |lo_y| == ) lo

a= B<a<t
Definition 5.2 Let < be the partial order on P defined by
L—m+|le| = |me| =1"—m' + |[[| — |m]]

I<l',m=<m
. / . / )
(ool me) <, moma) =i 1= 0, for Be{0..t)
Moyl = I

From now on, (P, <) denotes the resulting poset.

@ Springer



Representations of large Mackey...

P
Definition 5.3 We define a partial order < on the set P by strengthening the relation < with
the additional requirements [ +|lo| < I'+l,|, m+|mq| < m’+|m/|, and denote the resulting
poset by P.

Next, we define several attributes of a fixed element I = (I,, [; m, m,) of the set P. There

P
are two parallel constructions corresponding to the partial orders < and <. We begin with
the notation

Pl =keP:k=xl}, P(l)::{keP:k;l}.

Remark 5.2 1. Both posets P(l) and P () have the following property: every strictly ascend-
ing sequence is finite.
2. The common underlying set N2(+2) of the posets PP and P is a monoid under component-

wise addition. If I < k and I’ < k/ thenl +1' < k + k’. The same property holds for

P
=.

Lemma5.13 Forl = (l,,1; m, m,) € P let P'(I) be the set of elements obtained from 1 by
one of the following elementary alterations:

@) ifl > 0 (resp., lqy > 0), subtract 1 froml (resp., from ly) and add 1 to Ly (resp., ly+1);
(ii) if m > O (resp., my > 0), subtract 1 from m (resp., from my) and add 1 to mq (resp.,

May1);
>iii) if both | and m are positive, subtract 1 from each of them;
(iv) add 1 to both ly and my.

Then P (1) is the set of maximal elements of the poset P(I) \ {I}.
Let PL(I) be the subset of P1(I) obtained using only (i), (ii) and (iii). Then P*(l) is the
set of maximal elements of the poset P(I)\{l}.

Proof Forany k < [ it is straightforward to construct an element k" obtained from [ by using
one of the alterations (i)-(iv) and satisfying k < k’ < I. This proves the statement for P! (I).
The statement for P! (Z) is proven analogously. O

Definition 5.4 For g > 11let P4(l) C P(l) be the set of maximal elements of the set

keP:k<n\|JP®].
i<q

with the convention P°(I) = {I}. We define P4 (I) analogously.
To any element I = (I,, [; m, m,) we associate the number
t
gV = +m) @+ 1)+ Y U+ mj) - ). (19)
j=0

Note that q(l) = 0if and only if / has the form [ = (;, 0, ..., 0; 0, ...0, m;). Lemma 5.13 and
Remark 5.2 imply that P(Z) and P () split as disjoint unions:

Py= || P, PO=||PW0. (20)

0=<q=q® qeN
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This structure behaves well with respect to addition in the underlying monoid, i.e.,
PI()+PI W) CPITYA+1), for I,1' eP,q,q €N. 1)
Furthermore, if I = (lo, [; m, m,) then

Pi(ly= |J Pi(,0;0,) +P/(l;m)+PkO,; 0, m,)

i+j+k=q

, ¢ (22)
= U (Pf(l;m>+ Z(P'a’a(la,o;oa+Pkam“(o.;o,1@))
liol4j+lke|l=g a=0

where (14, 0; 0,) denotes the element (/,, 0; O,) € P with [, having a single nonzero term
equal to 1 at position «, and (O,; 0, 1) is the obvious analogue.

Properties (21) and (22) hold as well for the poset P instead of P.

We now move our attention to morphisms f : I; — [I. The notation below refers to
subtraction of elements in the monoid P, and we automatically assume that the parameters
satisfy the inequalities ensuring that the results are in P.

Definition 5.5 For I = (I,,[; m, ms) € P we let 2! (I;) be the set of morphisms I; — I
with k € PL(1), associated with the four types of elements of PL) according to Lemma
5.13, as follows:

6] f;" 2 Iy = Ii4(1,,—1,_;0) is the projection V*/V* | — V*/V¥ applied to the j-th
tensorand in (V*/ V;_1)®l“*', extended by identity on all other tensorands in [, for
O<ao<tand0 <j <ly_1;

(ii) f;" Iy = Ii10;,-1,_,,1,) is the projection V/Vy_1 — V/V, applied to the j-th
tensorand in (V / Vy_1)®Me-1_ extended by identity on all other tensorands in /;, for
O<a<tand0 < j <mgy_1;

(iii) P;; : I = I—(1;1) is the morphism p : V* ® V>0cl applied to the relevant
pair of tensorands V* and V in I;, extended by identity on all other tensorands, for
0<i<land0 < j <m;

(iV) 1#1 . Il — Il+(1,0;0,1) is the HlOI‘phiSHl W 1 — (V*/V*) ® (‘_//V) Q1 = 11,0;0,1
(see formula (11)) applied to the tensorand 7, extended by the identity to all other
tensorands in /;.

We let E9(1;) be the set of morphisms [; — I with k € P4(l) obtained as compositions
fqo...o fi, where f; € El(Ik_,.) for some decreasing sequencel = ko > k| > ... = k; =¢
satisfying k; € Pl(kj_l) forj=1,..,q.

We also introduce a family of morphisms with domain J;. Since soc/ = K there is a
canonical embedding J; C I ® J; = I;. Let E9(J;) be the set of restrictions to J; of
morphisms from EY(/;) which are obtained as compositions of morphisms of type (i),(ii)
and (iii). The codomains of these morphisms are of the form I with k € P9().

5.2.4 The socle filtrations of the modules J;, ;. m, and J3, 1.4, 4,

Here we study the families of modules J; and J, defined in (15). We begin with the former
family, and the observation that there is an isomorphism

J[ ® Jl/ ; Jl+l/
forl,l' € P.
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Example 5.1 Let us consider Ji.; = V* ® V and describe its socle filtration. From Theorem
5.6 we get

soc(V*® V) =soc(V, ® V) = L1.; = kerp = sl(V, Vi)
and observe that
soc(V¥ @ V) = ﬂ ker f.
feE UL

Further, we have soc/T1(V*) = vV} and soc/*1(V) = V; for j = 0, ..., + 1, and conse-
quently
ot (V@ V)c Y sodt (v @soc ()= Y vie v, @3
i+j=q i+j=q

for ¢ > 0. For g > 1, the containment in (23) i§ an equality, as can be shown by induction.
Thus the length of the socle filtration of V* ® V is 2(r + 1) + 1, and

soc?tl (V¥ @ V) = ﬂ ker f.
feBIt(Jry)
For the higher layers of the socle filtration we obtain
s0c® (V¥ @ V) = (Vi*/ V) ® Vo) 8 K & (V5 ® (Vi/ Vo)) = Li,0,1 @ Loo ® Luo,1,
and

soctM (V@ V)= @ soc (V) @soc/ T (V) = @D Li_;,
i+j=q i+j=q
forg > 2.

Proposition 5.14 Letl = (l,,l; m,me) € P and p = min{l, m}. The socle filtration of J;
has length 1 4+ q®, see (19). For 0 < g < q® we have

socdtly; = (N kerf
fegati(yp

socd !y = S5 (1) (T)soc(soc 1 i, 10 ® 5068 Joum—iem. )
i+j+k=q.k<p

112

(]l() (’;{1) (SOC(@H_] ((V*)®(1—k)) ® @j+1 (‘7®(m—k)))®
i+j+liel+|jol+hk=q
1

k=p ®( Q soc™tJy 0.0 ® soc8 1 Jo.0.m4))
a, =0
~ !
= 69 bkLk 5
kePi ()

where P4 (1) is as in Definition 5.4, and for k € P(1),

I\ (m (I —k)! (m —k)! ly! Me!
s () ’
k ; Z k) \k I ré_l)! I1 slg_l)! OSEL, I1 r @ I1 ng)!

k+ Y (qa+qa)=¢ —1<p=t —1=<p=t O0=p=t 0=p=t

a=—1
Y el =k

—l<a<t
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the sum running over all sets of integers k,q_1,...,q:,4-1,--.q+ € N, k < p, and
all sets of elements (rf_l); sf_l)), s (rft); sit)) € P satisfying, in addition to the above
equalities, (ry~";0,) € PI-1(I — k;04), (03 58~") € PT-1(04;m — k) and (r"; 0,) €

P (ly; 0,), (0u; 55 € P9 (0,; mg) for 0 < o < 1.

Proof From (17) and Theorem 5.6 we obtain

t t
soct; = L; = ﬂ kerf = (@(V;H/V;)@l") ® Viim ® <®(Va+1/‘7a)®m“> .
a=0

fee U a=0

We have a corresponding decomposition of Jj, ;.. m,, Whose tensorands are essential exten-
sions of the respective tensorands of socJj, j.m.m,:

t t
J[.,l;m,m. = <® J[,;,,O;O.) & Jl;m ® <® JO.;O,mw> . (24)
a=0

a=0

We can split the proof of the proposition into two steps: first, verify the statement for each
of the above tensorands, and second, show that the tensor product of the resulting filtrations
yields the claimed socle filtration of J;. For both steps, we use Kiinneth-type products of the
socle fitrations of the relevant tensorands. The key observation is that no simple constituent
descends to alayer lower than expected. This follows from the density statement of Lemma 5.8
which allows us to apply Proposition 2.11,(c) to the ideals g[g[ and to the relevant extensions.

The three types of elements in Pl (), given as (i),(ii),(iii) in Lemma 5.13, correspond to
the types (i),(ii),(iii) of morphisms in E1(J;) (see the discussion under Definition 5.5). The
modules of type Jj, 0.0, can only be the domain of morphisms of type (i). By (22), the set

la
P9(ly, 0; 0,) consists of elements of the form ) (Lgyg;» 0; 0,) with gy, ..., g, € Nsatisfying
i=1

quj = g. We have

lo o
soc™ o0, = P Qs VIVH= D Q VgV

Qi+ +q1, =9 i=1 Qi+ Fqi,=q i=1

= ﬂ ker f ,

FEBIF(Jy, 0.0,)

lo lo
1 ~ 41 ~
soc 00,2 P Qs vVHE D QVarg/Vary

Qi+ Fq,=q i=1 Q1+ +q1,=q i=1

11

lo!
EB W - Lk, 0:0, -

(ke 0:0,)€P1(1a.0:00) \ 25,

The situation with the modules Jo, .o, is completely analogous, with E9(Jy, .0, m, ) consist-
ing of superpositions of morphisms of type (ii). The tensorand J;.;, can be the domain of
all three types (i),(ii),(iii) of morphisms in EI(JI: m), as long as both /, m are nonzero. We
handle the morphisms of type (iii) involving V* ® V using Example 5.1.

As indicated above, Proposition 2.11 implies that the socle filtration of Jj, . m, is
obtained as the Kiinneth product of the socle filtrations of the three modules J;, o.0,, Ji:m>
Jo.:0,m.- The formula for the multiplicities follows by a standard counting argument. O
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Next we turn our attention to the socle filtrations of the modules J, for A =
(e, A; 11, o) € A defined in (13). It was shown in Theorem 5.6 that J) is an essential
extension of the simple module L. We observe that Jj splits as a tensor product along the
individual diagrams in A:

t

T = T ® T ® (R S0 ® Tt -

a=0
With this in mind we shall successively compute the socle filtrations of Jy, 4.4, Ja, 2.4 and
Jra ittt

Lemma5.15 Let Ay = (As, ..., A_1) € A2 Then the length of the socle filtration of S0,
is 1 + qU1:9) and the layers are

soc? Ty oy, = P zk Ly, »
Ke€A'2:(Jke|;04)EPY (| 2a];00)
where
t

ho Ap Ke
Zet = N N* .
Ke § : | | B B B il pt

. _ PpPpy1-+-Pt
ot PLEATH2: (1P 1:0) PP (1251:00), Y jp=q \P="]

Proof The lemma is a reformulation of [3, Proposition 4.30] in our notation. The proof is
done in steps, first observing that for every g € {—1, ..., t}

+1 ~ Ap
soc? Jrg:0. = @ Nopg..or * Lpase
Pe€AF2:(| pa;06)€PY (|1 51:04)

and then using the decomposition

t
soc ' hm = P Q) soc ..
J-1t.ji=q p==1
Note that the sets PJ8 (|A gl; 0s) and P4 (|A,]; O,) are described in the proof of Proposition
5.14. O

Working towards the socle filtration of Jj, .. 4., the decomposition J, j.p e =
Jror:0 ® Jy: o i, leads us to consider, for k € Z~, the semisimple g™-module

k+1

radimue = D soc(s0c' 1 g x:p ® 506 g )

i+j=k
o Joke i, (25)
= . @ ) ZK,)(:Z{).Ll't. . L)(.,)(:u,v.

(ko ,k;v,v8)EA (Ko, |k [;[V],[ve ) EP! (|10 ],[2];0,00) X P/ (0,03 | 12], e |),i+j=k

whose decomposition is derived from Lemma 5.15 and Proposition 5.12.
Proposition 5.16 Let A = (Ao, A; iU, be) € A. Then

s0c M s, = @ @ Hom(V;, soc/ ™ (Vir ® Vi) ® Ziié:n,u.
Jj+k=q & neA

EB e M1, (L
Z ZE,K.hS;nZZ,{JL. : LK.,K;U,U. .
k=(ke,k;V,ve)EA:[K|EPI(IA]) \&,nEA

112
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Proof From Theorem 5.6 we know that Jj is indecomposable with simple socle Ly. By (17),
Jy. appears as a direct summand in the module J}y|. Furthermore, by Proposition 5.14, the
layer soc?t! Jix is a direct sum of modules of the form Ly with k € P¢(|A|). In turn, each
Ly decomposes as a direct sum of modules of the form L, with k € A, |k| = k. Hence
soc?t1J; consists exactly of the simple subquotients of Jy of isomorphic to some L, with
|| € P9(|A]). It remains to compute the multiplicity with which L, occurs as a subquotient
of Jy. To this end, we start with the decomposition J;, ;u.ue = Jre, 0, ® Jgo;p .- The
socle filtrations of the two tensorands are obtained from Lemma 5.15. The tensor products
of simple modules are described in Proposition 5.12, and the formula for the multiplicities
follows immediately. O

5.2.5 The socle filtrations of the modules I3, ., 4, and lj, ;;m,m,

Proposition 5.17 The socle filtration of the module I = lim SX Q defined in (8) is infinite and
exhaustive: for g € N the (q + 1)-st layer is given by

soct 1= (P sod M epne = D Zipg
J+1¢l=q Jj+lcl=j

Proof The socle filtration of a direct limit of modules of finite length is always exhaustive.
The layers of the defining filtration of / are (see formula (9))

st/ o = stV Vi@ V/V) = S 001 = @D T
[¢1=k

By Proposition 5.16 we have

J+1 ok k=1 )y ~ j+1
soc/ (54 Q/510) = (P 2Ly,
1¢1=k
This yields a filtration of / with layers as indicated in our statement. To show that this is the
socle filtration, it remains to show that no simple constituent appears in a socle lower than

expected. It suffices to prove the statement for the submodule S¥Q c I, and we will do this
by induction on k. The case k = 0 is trivial. By Theorem 5.6 we have

soc($¥Q/5* 1 0) = soc(SK11.0.0.1) = @D Lenoc - (26)
[S1=k

On the other hand, we have the finite filtration K = 190 ¢ 11 < ... c p/Hhi+l =

following from the definition of /"% in (10). The submodule 7 L1 = I has the module (26) as

the k + 1-st layer of its defining filtration /-1 = klim SkQ11. Note that for I'-! the defining
— 00

filtration coincides with its socle filtration, i.e.,

soc (M = sV v @ Vi V) = @D Legoe
[¢ 1=k

It follows that soc(S¥ @ /S*~1 Q) C sock*! 1 and, by induction on j, soc/ 1 (S¥Q/S*~1 Q)
soc/ A+ T This completes the proof. ]
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Proposition 5.18 For (Ae, A; [, [te) € A the layers of the socle filtration of Iy, )., .. are

@(H_l(])».,k;u,u. ®n= @ @H—ljk.,k;u.u. ® sock 7

J+k=q
~ - j+1 K+ |+1
= P Hm(eysod M Vaev ez, . ezt
i+j+k+t|=q
§.n.CeA
~ M i+l k|2 |+1
- hf:n Zk.,ézn,u.‘gzc,@:@,{ ’
[A—1&1+j+k=q
FUNSN

where the numbers hg‘r]‘ are defined in (12).

Proof The socle filtrations of J;_ ;. ., and I are described in Propositions 5.16 and 5.17,
respectively. All simple subquotients of / have the property that their tensor products with
semisimple tensor modules are semisimple and their tensor products with essential extensions
yield essential extensions. The implies the first line in the above formula. The rest follows
from the expressions for soc/*!J;, 3., . and sock*! 1 given in Propositions 5.16 and 5.17.

O

Corollary 5.19 Forl = (l,,1; m, ms) € P the socle filtration of Ij, and its layers, are

soc™ = () kerf. soc”t'n = P soc/t's; @soct T
feBa+I(Ip) Jtk=q

Consequently, Hom(Ly, socdt ;) # 0 implies k € P4(I).

Proof The statement on the layers follows from 5.18 and the decompositions of /; and J;
given in (17). The last statement of the corollary follows immediately. The expression for

soc?tl = (|  kerf is then deduced by induction using (22) (applied for the poset
feBati(ly)
P(1)), by an argument similar to the one applied for soc?*! J; in Proposition 5.14. O

5.3 Order on the category T,

Theorem 5.20 The category T, is an ordered Grothendieck category with order-defining
objects

L=1®J, leP,

parametrized by the poset P of Definition 5.2, see (15). The socles of the order-defining
objects are given by

soclj =socJ; =L = EB K* ® Ly
XGSI
where S; .= {A € A : |A| =1}.
Proof We need to check the axioms (a)—(f) of Definition 4.1. Let I = (l,,1; m, m,) € P.
The socle filtration of 7; is determined in Corollary 5.19. In particular, we obtain the claimed

expressions for soc/; [see also (17)]. Therefore, axioms (a) and (e) are satisfied. Axiom (b)
holds by the definition of T. Axiom (c) holds with the above set S;, in view of Theorem 5.10.
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Axiom (d) holds because of Corollary 5.19. The family of morphisms required in axiom (f),
for k < I, consists of f : I; — I such that f € E9(l;), where ¢ is the unique integer such
that k € P4(1). O

Corollary 5.21 The map A +— L induces a bijection of A with the set of isomorphism classes
of simple objects in the category T. Furthermore, Iy is an injective hull of Ly, and the modules
I, A € A, exhaust (up to isomorphism) the indecomposable injectives of T.

Proof The statement follows immediately from Theorem 5.20 and Proposition 4.1. O

Our next goal is to determine injective resolutions of the simple objects Ly = Lj, ., .
in the category T. As an intermediate step we shall solve the same problem for L, .4 in the
category T(V*), or, analogously, Ly, ., ., in T(V). The general solution will be constructed
in Sect. 5.5 with these ingredients, along with the resolutions of Lg, 3.,.9, = Vi, given in
Theorem 5.5.

5.3.1 Aninvolutionon A

We introduce here some symmetries of the set A that will be useful in the descriptions of
injective resolutions of simple objects. For any sequence A, of Young diagrams, we denote
by AL the sequence whose terms are the conjugates A of the terms of A,. We denote by ¢+
and A2" the sequences, where only the diagrams with even, respectively odd, index o are
replaced by their conjugates, while the odd, respectively even, terms remain unchanged. For
an element A = (Ao, A; U, Le) € A, We set AL = (kfl, A /H, pf.’l). Clearly this defines
an involution on A.

5.4 The category T(V*)

Recall that T'(V*) is the smallest full tensor Grothendieck subcategory of T, containing V*
and closed under taking subquotients. In this section we use the notation l, = (I_1, ..., [;) €
N'*2 as in Remark 5.1.

Definition 5.6 Let Plef be the poset with underlying set N'+2 and the following partial order:

<y o] = 114
coe Zazﬂla z Zazﬁ (/x V,B

Remark 5.3 The underlying set of Pjfy is included in the underlying set N>¢*2) of both posets
P and P as the set of elements (/,; 0,) with I, € N'*2. The partial order on Pjef; coincides
with the restrictions of both partial orders of 7 and P. Analogously, we define a poset Prignt
(isomorphic to Pieg) as the set of elements of P of the form (0; m,) with m, € N 2 with
the restricted order from P or P.

Theorem 5.22 ([3, § 4.2])
The category T(V*) is an ordered Grothendieck category with order-defining objects

t
Jep = Q) (Vv

a=-—1
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parametrized by the poset Pieg.. Moreover,
socti.p = Lizp = @ K* ® Ly,.g.
Lo €Aefi:| e |=lo
The simple objects and the indecomposable injectives of T(V*) are, up to isomorphism, the
modules Ly,.p and Jy.g with e € Ajefi, respectively.
Remark 5.4 The following properties hold in the category T(V*):

1. Any tensor product of semisimple modules is semisimple.

2. Any tensor product of injective modules is injective.

3. The pure simple modules are, up to isomorphism, exactly the modules of the form
Vi /Vyi withh € Aanda € {—1,0, ..., t}.

5.4.1 Injective resolutions of simple objects in T(V*)

Proposition 5.23 For any Young diagram A and o € {—1,0, ..., t}, there is an injective
resolution in T(V*) of the simple gi™ -module (V;H/V;)A of length 0 if « = t, and length
|| if o < t. In the latter case, this resolution is

0= (VE Vi = TOVE V) = TV VDR = o= TV V) — 0,
with
ZU(Vaa Vi) = (V¥ Vi,
TNV VDD = (VHVED R D (VF/VDe)
oeAN} =1

TV /VoD = @ N (VVE D@ (VF Vo
o,TeN|T|=]
TV Vo) = (VI Vs -
Proof The result is proven in [4] under the assumption that # = 0, but this assumption is
inessential. o

Theorem 5.24 Let Ao € Ajefi. There exists an injective resolution of the simple module L, .y
in T(V*) of length equal 10 ||he_,|| = >_ |ral- The decomposition of the k-th term of

—1<a<t
this resolution into indecomposable injective direct summands is

k ~ A
L= D bl dew
Ko €ALef ikl e =k
where

A A K, s K
ks =Y (@+D(kal = 1hal) . pics = > Ny N Nogr,
O0<a<t Oe,Te EALeft:0r=T_1=0 —1<a<t e+l

27)

The last nonzero term of the resolution is

el = (Vv @ | Q) (V/Vie |-

—l<a<t
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and this term is an indecomposable g[M-module ifand only if \y = W or Ai—1 = 0.

Proof The category T(V*) has the property that the tensor product of injective modules is
injective and the tensor product of semisimple modules is semisimple. Thus we can apply
Lemma 4.2, which yields the first line in the formula below; the second line follows from
Proposition 5.23, and the rest follows by standard rules for tensor products:

T (Lyyp) = b QR T (Lyy,.p
Jj—1+jo+...+jr=k —1<a<t
=WV, e P (04 B NIV D e (VY6
Jo1t+tji—1=k —1<a<t—1lo,7eA:|t|=jq
= V¥V, ®( b X N;ﬂL VIV ® (VFIVE) o)

e Te€Aefi0r=T_ =0, ||ta||=k —1<a<t  *!

t—1
~ Kt Ao Kot
= @ ( Z N)\.t'rt l_[ NO'O(TL Naozfa) : JK.;(’) .
O Te EAJeft:0r =T =0, [|Te||=k 1

Ko €Aleft ==

To obtain the explicit form of the coefficients p,)}: stated in (27), it remains to show that the
condition ||7|| = k appearing above can be substituted by the condition k = k,’}:. We claim
that p,é: # 0 implies the following:

1. |Ae| > |ke]| in the poset Piefi;

2. supp(ke) C supp(re) U (1 4 supp(re));
3. every nonvanishing summand in the defining formula for p,)(‘: arises for o,, T, satisfying

Ao
[Tell = kic;.
Indeed, the nonvanishing of a summand of pﬁ: implies |t;| = |k¢| — |A¢], since Nfr’rl # 0,
and |ty| = |ke| — [Xa| + |Ta+1] for —1 < @ < ¢ since N;‘“ n Nggw # 0. Now part 3 of
1

o

a+
the claim follows by induction on ¢. Parts 1 and 2 are trivial to verify. The statement on the
injective dimension and the last nonzero term of the injective resolution follows immediately.
This completes the proof. O

The above theorem allows us to compute the dimensions of the Ext-spaces of pairs of
simple objects in T(V*).

Corollary 5.25 Let ko, Ao € Ajefi. Then

he i
. Dis if k=kg,
dim Extf, . (L ¢, Ly..g) = * °
tove (Lo Lawo) {O otherwise.
In the next corollary we encounter a new family of modules, whose socle filtrations relate
to the injective resolutions of simple modules given in Theorem 5.24. For (I,; m,e) € P and
(Ae; o) € A, we denote

t—1 t—1 _ _ - -
My, = (V¥/VH)El g ( ®1(v;+2/v;>®la> ® ( ®1(Va+z/va>®'"a> ® (V/Vp)®me
t—1 t—1  _ _ _
Moy = V¥V, ® ( ®1(V;+2/V;>M) ® ( ®l(va+2/va>ua) @V /Vou, -

(28)
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Corollary 5.26 For ke, he € Aleft and k > 0,

dim Bxthyu) (Lot s Lyotg) = dimEXU yu) (Lyes. g, Lyet. )

= dim Hom(Ly, , soc** (M;,.0)).
where M.y is defined in (28).
Proof First we compute the socle filtration of M, .. Since M;,.p = @4 M,,,.p, We have

sock T (M, )

= (V¥/V), ® P Q) sock (Vo Vidn)

J-1+Fji—1=k —l=a<t

=L ® D K| D N ViV ® VeV

J-1+.Fji—1=k —1<a<t o, T €A

|T| zja

Kt A K
@ Z N?xm NG';TaJr]NUgfa Lo

Ke€Aleft \Te,Te € Aleft, 01 =T_1=0,||Te||=k —l<a<t

1

ol
On the other hand, we apply Corollary 5.25 to compute pl);:‘, . =dim Exth‘r(v*)(LK:,l;@, Ljor, @)
the case of Ext%(v*)(LKfJ_;@, Let.) being analogous. We also assume 7 to be even, the
odd case being similar. In the calculation below, we begin by replacing the product over

ol
{—1,0, ..., } in the formula for pi‘(‘, | by a product over the even indices of twofold prod-

ucts of the respective consecutive terms. The subsequent manipulations follow by standard
properties of the Littlewood-Richardson numbers. We obtain

dim Exth ) (Lot 50 Lyot )

2t K- Aa+1 Ka+1
— N« N N a+ N, a+
2 : 1_[ O'af(;_] Oa Ty O’a+lf;+2 Oa+1Ta+1
Oo, t.EA]eft —1 o<t

o=t_1=f,|ln||=k @ odd

A K A+l Ka+1
N9 N  N™™* N,
Z 1_[ O Tl O T Ogp1Tl, CetiTet]
OeyTo € Aleft —1 <a <t
or=t_1=f.||n|l=k @ odd
A K Aat1 Ka+1
§ 1_[ Naj’raHNaffra NUa+1Ta+2N0u+1Ta+1
Oe; Te € Aleft -1 o<t

o=t 1=#,|ln||=k o« odd

= dim Hom(L, . soc* ™ (M) -

[m}
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5.5 Injective resolutions of simple objects in T;

Proposition 5.27 An injective resolution of the trivial module K = Ly.y in the category T is
given by

0K IR 1eorl1ea2r2 " 1enird .

where F := V*/V, @ V/V = J1,0:0,1, Yo = V¥, and the j-th map is defined as the direct
limit j = klirn llff of the morphisms
—00

k o
A Qi

' ®id - i id@multiply e
w;?:SkQ@’AJF 1% Sk_1Q®Q®AJFld®i>®‘d 1®m1£)y/\

S o F@AF Fsk=loe AlTlF.

The j-th term I{.(K) = I ® A F of this resolution decomposes into a direct sum of
indecomposable injectives as

LK) = @ I gpot
reilcl=j

Proof The proposition is proven in [5, § 3.5] for ¢ = 0, but this assumption is not necessary.
]

Corollary 5.28 For A € A and j € N we have
K if A= (.0:0,¢5) with [¢] = j,

Ext.(Ly, K) =
(£, K) {O otherwise.

Theorem 5.29 Let A = (Ao, A; U, o) € A. There is an injective resolution of the simple
module Ly in'T, with k-th term

I%(Lk.,/\;u,u.)

o i J /
= D Tp(K) @ Extyy, vy Ve, Vazu) © Iryey Ly g:0) © Ty Lipin. o)
it jrl+m=k
E,neA
~ e A sHe
= @ Z pi’p”(‘>0 N;gm"::;gN;ngg’g’v‘>O ' IK.’K;V"V. ’
(K.,K;v,u.)eA:k:":fff’uﬂ'=k §.n.¢.p,0€A

where K- 11— ] — kel + Y (4 D(Ikal = el + [Val = I1tal).

Ke K3V, Ve O<a<i
=o=

Proof Let us first establish the relation between the two expressions for I{} (L2, pae)-
The building blocks of the first expression are computed, respectively, in Theorem 5.24 for
the injective resolutions of the “one-sided” modules Ly, ;.4, and Ly, ., ., in the respective
categories T(V*) and T(V), Proposition 5.27 for the resolution of K in T, and Theorem 5.5
for the resolution of V., in T(V,, V). Compiling the coefficients from these building blocks
we obtain

k ~ ke Ko AT ATVO 7] e
e = P > Picpke g NogMey Noc 1 Poo v, |~ kasivwe

(Ke,K;V,Ve)EA Eng.p,0eA
| € 11 kG poea o RIS =k

K.p.Ke_ ) U,G,V.>07
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. e e Aeshi i, ihe
and observe that the equality |A| — |&] + |¢] + k,éf,p,,(.w + k:”g’vbo = kgoott holds
whenever pijﬁj,(_w Nggmgf’; Nyt 2 , # 0. This establishes the equivalence of our two
expressions.

The modules I%(L;) are injective since, by Corollary 5.21, the modules /, for k € A are
indecomposable injectives in T. To show that we have the desired resolution, it remains to
construct an exact sequence of morphisms y ) : I% (Ly) — I%“ (Ly), with keryg s = Ljy.

We consider the triple Kiinneth product with k-th term

qur(LA.,k;ﬂ. ® LQJ.:M,/L.) = @ Iﬂil‘(K) ®I'ﬁ‘l(v*)(L>».,)»;®.) ®Iqu2(\7)(LQJ.:/L,/L.) )
i+jitj=k
(29

and we let gix : I']E‘(LA.,A;Q). ® Lgy:pp,) = I']E‘+1(LA.,)»;(ZJ. ® Ly,;pu.p,) be its k-th map.
We have kergox = Lj, 0. ® Lg,:u .. and hence (29) is an injective resolution of
Ly, »:0. ® Ly, u. in T. We shall modify this resolution into a resolution of the simple
module L;, j.,, ., using the fact that, by Proposition 5.12,

Ly e = 80¢(Lagnite ® Loy na) = Loy gip e © 80¢(Lasp @ Lygyi).

We note that for every &, n € A such that mgg # 0 and ké\fff = 1 we have mgf; = 1. Thus

A ~
EB mg;lrf T(La g0 ® Loyin ) = @ Do &inapa-

A M A
E,rzeA.kém—l E’WEA‘mS:n_kézn_]
Let
wy, = ( @ il — @ DLagn e
JEE (g pp1,10) OF type (iii) g,neA:m23g=k§5;‘=1

We obtain a morphism

Yo = 8oa ® wa : T2(Li, aspns) = Zr(Log i) (30)
with the properties keryo x = Ly, ;1. and imyp HI%(LA.,(?;@_ ® Lgo:nue) = Loy g:in, e
We proceed to define

Yia =81 & ( @ Y0, (asE5,110))

g M __p A
E,UEAW&;,,*/%;”*I

and, more generally,

Ap A
. ®my; ®m;!
Ve = ( @ (gk—kg;’ﬂ‘,(x.,s;n,u.)) Men) @ ( @ W gimun) E0)-

. Ap A
g,neA.Oskm <k E,neA.km =k

It follows by induction on |A N | (which is the injective length of V;.,, in T(V, V)), using
the Koszulity of the category T(Vy, V), that the morphisms y, » form an exact sequence. O
Corollary 5.30 Let (Ao, A; [, [Le), (Ke, KV, Ve) € A. Then, for k > 0,

dim Exts (L, iciv,ves Lo pips) =

= £.he KO M ATV T
- £ {ZGGA Peipe g NoeMeiy Nog 1 Pupb, .
15650
M= (€T HkE bhee_o +RIA S, =K

v,H.v.>0_
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[fEXtI?CI‘(LK.,K;V,V.a L)L.,)L;p,,p,.) 75 0 then k = kk")\;u’}h_

Ke K3V, Ve

6 The category T;

Recall Proposition 3.1 which states that the g[M -module / is endowed with a structure of
a commutative algebra via the isomorphism I = S°*Q/(1 — «(1)). Generalizing a concept
introduced in [5], we define a category T; as follows. An object of T, is any object of T;
isomorphic as a g[M -module to a tensor product / ® M for some M in T;. In addition to their
g[M -module structure, the objects of T, are free /-modules with respect to left multiplication
by elements of 1. The morphisms in T; are, by definition, morphisms of g™ -modules which
are also morphisms of /-modules, i.e., commute with the action of /. The category T; is a
tensor category with respect to ®;. Since ¢ is fixed, we put T = T;. Note that the functor
I ® e : T — T is left adjoint to the forgetful functor T — T. The simple objects in T are
related to those in T as follows.

Theorem 6.1 ([5, Theorem 3.24]) The simple objects in'T are exactly the modules of the form
1 ® L with L - a simple object in T. Furthermore, each simple object in'T has endomorphism
algebra isomorphic to K.

Consequently, the isomorphism classes of simple objects in T are parametrized by the set
A = AU of 2(t + 2)-tuples of Young diagrams, with representatives (see (13))

Ky=1®L), A€ A.
The proof given in [5] is independent of the assumption ¢ = 0 made in that article.

Proposition 6.2 There is a surjective morphism of gi™ -modules
m:IVHR I®V)—I.

Proof The claimed morphism is the following composition

(I®V*)®I(I®V)E’I®(V*®‘_/)id&;tl®leLti];lyl

It is surjective, since K = q C Q. O

Proposition 6.3 Let A = (Ao, X; L, te) € A. The injective object Iy has finite length in T.
The socle filtration of I, in T has length 1 + gD and its layers are

q+1 q+1
&T I)L"}L;M’M" =1 ®&T J)L‘v}l;ﬂvﬂo

~ j+1
= EB EB Hom (Ve s0ct” (Vi ® Vi) ® 1 @ Z])fjr,é;n,u.
J+k=q §,neA

= @ @ hg’; 1® Z]kc:r,;;n,u. ’

Jtk=q & neA:|x|-|5|=]

where Z])f:ré;r”h are the gi™ -modules defined in (25) and hg’; are the numbers defined in
(12). '

Proof Note that the finiteness of the length of /) follows from the proposed description of

the socle filtration, because the multiplicities of simple objects in the (finitely many) socle
layers are finite. Next, recall that the socle filtration of I, as a gI™ -module is known from

@ Springer



Representations of large Mackey...

Proposition 5.18. Theorem 6.1 allows us to determine the simple subquotients of I in T and
observe that they correspond to the simple subquotients of Jj in T. To prove the first line
of the formula claimed in the theorem, it remains to show that the number of the layer in
which a given simple subquotient of J, appears remains the same for the respective simple
subquotient of 7, in T. This holds, since soctl, = L, for every k € A, and the T-socle
filtration of Iy is subordinate to the T-socle filtration. This implies the first line, and the rest
follows from Proposition 5.16 describing @%H i O

We are now ready to prove the following generalization of [5, Proposition 3.25] where
the result is obtained for r = 0.

Theorem 6.4 The category T is an ordered Grothendieck category with order-defining objects
I;, 1 € P, parametrized by the poset P of Definition 5.3. The isomorphism classes of simple
objects in T are parametrized by the set A, with representatives Ky, A € A. The indecom-
posable injectives are, up to isomorphism, I for A € A. The socles of the order-defining
objects are

soctl; = K; = @ K* ® Ky ,
reS;
with S = {A € A : |A| =1} as in Theorem 5.20.
Proof From Proposition 6.3 we deduce that
soch™ ;=1 @ sock™ . (31)

Now, the theorem follows by arguments analogous to these in the proof of Theorem 6.4,
using the socle filtration of J; determined in Proposition 5.14 where the layers correspond

P
to indices k < [. O

6.1 Tensor products of simple objects and a subcategory T of T

‘We make here some technical observations which will be used further on for the construction
of injective resolutions of simple objects in T.

Proposition 6.5 Let A = (Lo, A; i, o), A = (A, A5 i/, ul) € A. Then, for g > 0, we have
soc%H(Kx QIKN)=I® soc%-H(Lx ® Ly/) and

soct ™ (Ky @ Ky) = 1 @ soch™ (Ly ® Ly)

~ +1
= Koo ttne ®1 K g, 150t (K @1 Kiropr)

~ 0,517
= Koo :0.ue ®1 Ko 00,0, ®1 @ My Kiw
K,VEN:|A|—|Kk|=¢q

~ ke (310), (K51 ) \gVe
= D (NA.A’.Q<K:u> Nu.u’.)'KK-"“V*V-’

(Kosk,v,V9)EA

where the numbers Qgil:)) AWy and N;: 2, are given respectively in Lemma 5.11 and Propo-
sition 5.12.

In other words, the socle filtration of Ky ®; K,/ in T is determined by the socle fitration
of Ly ® Ly in T. In particular, the analogues of parts (a),(c),(d),(e) of Proposition 5.12 hold

Jor K) ®1 K.
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Proof The socle filtrations of the g[M modules Vi, ® V), remain unaltered after restriction
to the ideal sl(V, V,) C gl(V), by Theorem 5.3. On the other hand, sl((V, V,) acts trivially
on /. It follows from Proposition 2.11 that the claim holds for the socle filtration of a tensor
product of the form K5 ®; Ky, ;. Now the general statement follows from Proposition 5.12
in a straightforward manner. O

Let T be the smallest full tensor Grothendieck subcategory of T containing the objects
Ki.0 =1 ® Vi and Ko.; = I ® V and closed under taking subquotients.

Theorem 6.6 The categories T(Vy, V) and T are equivalent under the functor I ® e. This
Sunctor is also determined by the universality property of T(V,, V) and the assignment
Ve > K0, V= Ko, pr— (K1o®1 Ko EI1QV,®V ld—®>P D). In particular, T
has the structure of an ordered Grothendieck category, with order-defining objects 1., for
(I; m) € N x N, parametrized by the poset P from Definition 5.1. Representatives of the
isomorphism classes of simple objects and indecomposable injective objects of T are given
respectively by K., and I.g ®; lg,,, for (A; u) € A x A.

Proof The existence of the claimed functor is due to the universality property of T(Vi, V),
cf. [4, 8]. The fact that I ® e fits exactly with the required assignment for the universal functor
is obvious. The verification that this functor defines an equivalence is straightforward in view
of Proposition 6.5. O

Theorem 6.6 allows us to translate the results from Sect. 5.1 into results about the category
T. In particular, Theorem 5.5 yields the following.

Corollary 6.7 For A, u,&,n € A and k > 0, we have
. . A
dim Exty (K., Ky ) = dim Exthy, ) (Vewy, Vo) = mg 't

If this dimension is nonzero then k = k;f; = Al — & = || — Inl.

6.2 Injective resolutions of simple objects in T;

Theorem 6.8 Let A = (Ao, A; 14, tte) € A. There is an injective resolution of the simple
object Ky, in'T, of length k* := ||X|| — (|A:| + |it:]) and with k-th term

N - . .
T (K i) = @ @ mS;InL ' (I%l (K £:0.) @1 I%Z(Kﬁ.;n,u-))
i+j1+j2=k$,n€A:k§ff;=i
~ A J1 J2
= D D  miy TOThy Livsn) O Iy Lo
i+ji+ =k é.neA:kaﬁ]L:i
~ he M 10, e
= @ Z Pijx,mg;gpg,ﬁ 'IK.,/(;U,U. s
(K..K;U,U.)EAZk}\"A;M’M.=k §.meh

Ke,KiV,Ve

LesAs L, . .
where k" FF e s as in Theorem 5.29.
Ko K3V, Vo

Proof The strategy relays on the fact that the tensor product of injective objects in T is
injective, which allows us to apply Lemma 4.2.
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We begin with the one-sided case, and the observation that the injective resolution of
Ly, »:p, in T(V*) (see Theorem 5.24) is transformed under the functor / ® e into an

exact sequence with j-th term 7 T(Kang,) = 1 ® IT(V*)(L;“ 1:0,). The indecompos-
able injectives of T(V*) are of the form Jy, «.p,, and hence I @ e transforms them into

indecomposable injectives of T, by Theorem 6.4. In particular, Ij (K,.x:0,) is injective in T
for all j, and the above exact sequence is an injective resolutlon of K, ¢, in T. The case

ofIT(Kg gupne) =1 ® I T )(Lg.,u,u.) is analogous.
By Lemma 4.2, the Kiinneth product of the resolutions of K;, 3.¢, and Ky, ., ., is a
resolution of K, x.g, ®1 Kg,;,u, With k-th term

@ I{‘l (KA.,X;Q.) Q7 I%Z(K@.;;L,u.)~
J1t+j2=k

We have an analogous resolution of K, .4, ®7 Kg,:n,u, for &, 7 € A such that m‘E . and
we can combine these resolutions, using Corollary 6.7, in a manner similar to the one in the
proof of Theorem 5.29, to obtain the claimed resolution of K, ... u.- O

Corollary 6.9 For (ke, k; V, Ve), (e, A; U, Ihe) € A and g > 0 we have

dimEXt%(KKQ,K;Vyvo’ KA"v}";Mvu.) = Z pl% I)(L. .f;' n pl’J} ll)L..'
£nenq=kile +k2;::+kg,\l;?
IFEXC (K ey seivvns Kioiipns) 7# O then g = kL0000,
Corollary 6.10 Fork,A € A and g > 0,
dim Exth (K e 10, Kyeto) = dim Exth(K gote, Kyote) = dim Homp (K e, sockt! (I ® My)),
where M, ..., IS the module defined in (28) and L0 is the involution defined in §5.3.1.
Proof The corollary follows from Corollary 6.9, Corollary 5.26, Theorem 5.5. O

As a special case we obtain the following.

Corollary 6.11 Assume t = 0, meaning that V is of countable dimension. Then
. . k+1
dim Ext/-‘rO (Kké‘,K;UJ‘,V[)’ K)»OL,A;ML.,/LO) = dim Homr, (K, ic:v,v0» @Tj Lo ac o)
holds for any (kg, k; v, vg), (Ao, A; 1, ko) € A and k > 0.

Proof Under the assumption t = 0 we have I = I ® M) and My = J, forall A € A.
Therefore the statement follows from Corollary 6.10. O

7 Symmetries

In the preceding sections we have shown that the categories T, and T, have finite-dimensional
Ext-spaces between simple objects, as well as finite-dimensional Hom-spaces from sim-
ple objects to socle layers of indecomposable injective objects. The explicit combinatorial
formulas for these dimensions facilitate the study of various relations between Ext- and
Hom-spaces. Some such phenomena correspond to symmetries of the set A parametrizing
the isomorphism classes of simple objects in both T; and T;. We have already encountered
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the involution A > A%L€ of A (see Sect. 5.3.1) in relation to several equalities between
dimensions of Ext- and Hom-spaces given in Theorem 5.5 and Corollaries 5.26, 6.10 and
6.11. In the next proposition we derive equalities related to another involution of A.

If Xe = (A_1, X0, ..., A¢) is a finite sequence of Young diagrams, we denote the reversed
sequence by revie := (As, ...A0, A_1).

Proposition 7.1 Let (Xq; [Le), (kKe; Vo) € A and g > 0. Then

Ae __  TEVK, . . . Ae __ 7,IEVK, . e __  TE€ViLe

1. Pl = Previe and if this number is nonzero then k! = kre\,/\., analogously py" = preyy,
s . e .
and if this number is nonzero then k! = krr:: N
.

dim Hom']I‘(LK.;V). s @%‘Jrl J)L.;(/J.) = dim Hom']I‘(Lrev)\.;(/).a @%+1 Jrevx.;V).);
dim EXt%(LK.;@. s Lk.;ﬂ.) = dim EXt%(Lrev)L.;@. s LreVK.;(J.);

dim Homr (K, ¢, , @%‘+1 I,.p,) = dim Homr (Kieya, g, » @%‘Jrl Treviy:0.);
dim EXt%(KK.;(Zl.’ Kj.,.p,) = dim EXt?[(KrevA.;@., Krevia0.)s

we have

SN SN

dim EXt%‘(LKo,K;v,VO’ Llo,)»;u,;l,())
= dim EXt%(LA,Ao:Mo,u7 LK,KO;VO,U)
— ko A7¢ A Aot agn v A7vo
- Z N§¢N)LOTNtLKNE‘SN(SinNVGLN9MON¢{L’
8,7.0,0,9.6,n,0eA
and if this number is nonzero then q is unique and equals
g = lkol — 2ol + Il — vl = [A] — || + [vol — |rol;
7. if |hol + |A] = |ko| + |k| we have
dim Exth (Ko 0,000 Ko i) = dim EXUh (K 101110105 Kicoico:vo,0)
_ Ko arh o ATH ATYO
- Z NAOTNTLKNVQLNGALo’
T,0eA

and if this number is nonzero then q is unique and equals
q = A = lk[+ Il = vl = lkol — Aol + [l — [v] = |A] = k[ + [vol — 1ol

Proof The first statement follows by standard properties of Littlewood-Richardson coeffi-
cients from the defining formulas of pﬁ: and kﬁ: in Theorem 5.24. The rest of the statements
follow from the first and the explicit formulas for the dimensions of the involved Ext- and
Hom-spaces, obtained in Proposition 5.16, Corollary 5.30 and Corollary 6.9. O

8 Universality

Before addressing the topic of universality we should point out that a seed of the following
discussion can be traced to the work [11]. Here we follow [5].

Let Tgy, denote the full tensor subcategory of T containing I; for I € P and closed under
taking subquotients. The goal of this section is to prove the following theorem.

Theorem 8.1 Lett € N. Let (D, ®, 1) be a (K-linear abelian) tensor category with a given
pair of objects X, Y, a morphism

q:X®Y—>1, (32)
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and filtrations 0 = X1 C Xo C X1 C ... C X441 =XandO0=Y_ C Yo C Y C ... C
Y41 =Y. Then the following hold.

(i) There is a unique, up to a monoidal isomorphism, left-exact symmetric monoidal functor
® : Thy, — D sending the pairing 1p : (I Q V) ®; (I ® V) = [ 1o the pairing
q, and for —1 < a < B <t the morphisms I @ (V*/V}) — I ® (V*/Vg) and
IQ(V/Vy) — I® (\_//‘_/ﬂ) respectively to the morphisms X/Xq — X/Xp and
Y)Yy — Y /Y.

(1) If D is additionally a Grothendieck category then ® extends to a functor T — D.

The proof will be given after some preparation. In the next proposition we relate the
endomorphism algebras of the objects I; to the groups &; defined in (16).

Proposition 8.2 For l € P, the endomorphism algebra Endt1; is isomorphic to the group
algebra K[&;] via the &;-action on I}, where the S, -factor of & permutes the tensorands in
the tensorand (V* |V} )8l of I and the & mg, -factor permutes the tensorands in the tensorand
(V/Va)®"e of 1.

Proof We follow the idea of [5, Lemma 3.34] and only outline the main steps as the details are
analogous. By Theorems 6.1 and 6.4, the endomorphism algebra of every indecomposable
injective is trivial: EndtIy = K for all A € A. The &;-action defined in the proposition
extends to an injective homomorphism K[&;] < Endr/;. The surjectivity follows from a

dimension argument. O
Let R be the tensor algebra in T of the object Ry := € I and let Ry := R?’d be
the degree d component of R. Let e
A= @ Homy(R;, Ry) = @ Homr (I, Ip) ; (33)
k,leN k,leP

this is an N-graded algebra with degree components

Ag = @ Homrt(1;, Iy).
k.IeP:kePd(l)

Theorem 8.3 The category T is Koszul, in the sense of [3], namely, for every pair of simple
objects K, L and every q > 2, the canonical Yoneda map

D Ext!(K, M) ® Ext' (M|, M2) ® ... ® Ext'(M,_1, L) — Ext!(K, L)
My,....My—1 simple

is surjective. Consequently, the algebra A is Koszul and, in particular, quadratic.

Proof The surjectivity of the Yoneda maps in T follows from Corollary 6.9. It is shown in
[5] that the Koszulity of the category T implies that A is a Koszul algebra, and is hence
quadratic. O

In the proposition below, we study certain (&;, & )-bimodules of homomorphisms /; —
Ir.. These bimodule structures of the models provided for these bimodules are obtained as
follows. If [, I’ € N satisfy [ < [’ we consider &; as the subgroup of & fixing [/ +1, ..., I'. If
all coordinates of I € P are smaller or equal to the respective coordinates of I’ € P, then we
consider &; as the subgroup of &, given by the component-wise embeddings &;, C &, and
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G, C Gm& fixed above. Now, if &; C &y and & C & are two such inclusions, every
(S, 6;)-bimodule is a (&, G )-bimodule by restriction. All models for homomorphism
spaces used in the proposition below are bimodules of this form. For instance, for I’ = k’
the group algebra K[S,/] is a (&7, &)-bimodule.

Proposition 8.4 The space of quadratic relations between degree 1 elements of A decomposes
as a sum of monogenerated (Sy, Sy)-bimodules, along the pairs 1, k at distance 2 in the
poset P, as follows:

ker(di @ A1 > Ay = P kergrk, kergix = (KIS @ KIS - fik-
k,1eP:keP2(l)

Here

gik: €D Hom(ly, It) ®gnar, Hom(ly, Iyy) — Hom(ly, Ir)
KePiik Lk
is the morphism induced by composition, it is surjective, and a generator fi € kerg i

is specified below in the various relevant cases. For | = (l,,1;m,n,) € P, we let p; :
Iy — I_q; 1) stand for the morphism defined by the identity on all tensorands in I} =

I, 0.0, @ 11 (X)IO® f " excepton the last tensorand of I} 1% and the last tensorand of Ig? f " on
which 1p : 1. 0 ® Io.1 — Io.o is applied. Slmzlarly,forO < a <t I — lii(,,—1,.1:0)

is the projection V*/VF | — V*/V7 applied to the last tensorand in 1{8; " lf,o, extended
by identity on all other tensorands in Ij, and flo‘ Iy = 1140,-1,_1,1,) IS the analogous
morphism obtained from V | Vy_i — V| V.

1. Forl = (l;,....lo,l;m,mg,...,m;) and k = (I, ....0o,] —2;m — 2, mog, ...,my) =
1—(2; 2), we have a single intermediate elementk’ = (I;, ..., 1y, [—1; m—1,mg, ..., m;) =
I — (1; 1); the domain of g j is

Hom({y, k) ®endar,, Hom(l;, 1) = K[&;]
as an (&g, Sk)-bimodule, and the kernel of g; i is generated by
Jik =Py ®P1 —Pr ®Pros,

where s is the product of the two simple transpositions in G; x G, exchanging respectively
the last two tensorands in (V*)®! and the last two tensorands in V@™

2. Forl = (;, ... 0o, l;m,mg,....m;) and k = (I;,....,00+ 1,1 —2;m — 1, myg, ..., m;),
we have two intermediate elements k' = (I;,...,1o,1 — 1;m — 1,mq, ....m;), k" =
s, ... lo+ 1,1 —1; m, mo, ..., m;); the domain of g k is

Hom({y, Ix) ®Enar,, Hom(/;, Iy)) ® Hom(Zyr, Ik) ®End1ku Hom(1y, 1)

-------------

as an (&y, Gy)-bimodule (the two summands are isomorphic), and the kernel of g  is
generated by

fik= 1 @p—pp®fos,

where s is the simple transposition in &; C & exchanging respectively the last two
tensorands in (V*)®".
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3. Forl = (I, ... 1o, l;m,mg, ....m;) and k = 1 + (g, —lo—1; —1p—1, 1), with 0 <
a, B < t, there are two intermediate elements k' = 1 + (14, —1¢_1;0,), k" =1 +
(0a; —1g—_1, 1g); the domain of g x is

Hom(lys, Ig) ®Endr,, Hom(I, Iyy) @ Hom([gr, Ig) ®Endr,, Hom(y, Iyrn) = K[Gl+(1a;15)]®2

as an (Sy, Sy)-bimodule (the two summands are isomorphic), and the kernel of g  is
generated by

fie=roeff - il e .
4. Forl = (I, ... Iy, l;m,mg, ....m;) and k =1 + 24, —24—1; 0s), with0 < a < t, there
is one intermediate element k' =1+ (15, —ly—1; 0e); the domain of 81k IS

Hom(Zy, Ix) ®gndr,, Hom(ly, Iyr) = K[S142,:0,)]
as an (Sy, Sy)-bimodule, and the kernel of gj i is generated by
fik=5"o(fg® )= (fp®fos,

where s € S, | C &y is the transposition of the last two tensorands in ( VO’LI)@I“—1 as
a tensorand of Iy and s’ € 6,42 C G is the transposition of the last two tensorands of
(V;)®lﬂ *2 as a tensorand of I.

S5 Forl = (I, ... 1o, I;m,mg, ....m;) and k = 1 + (14, —14-1;04) + (1g, —=1g_1; Os),
with 0 < o < B < t, there are two intermediate elements k' = 1 + (1o, —1g_1; 0,),
k' =1+ (1g, —1g_1; 0s); the domain of gy i is

Hom(ly, Ix) ®Endr, Hom(I, Iy) @ Hom(ly, Ix) ®gndr,, Hom(ly, I)
= ]K[Gpr(l,g,la;o.)]EB2

as an (&y, &)-bimodule (the two summands are isomorphic), and the kernel of g  is
generated by an element fy y determined depending on 8 — a as follows:

(a) if B =a+ 1then
Sk = flg/ ® fla-H —so (fa/_H ® fla),

where s € G, 11 C G4 (1441,14:0,) IS the transposition of the last two tensorands in
(Vj)@’lﬂf as a tensorand of I14(1,,,14:0.)-
(b) if B > a+ 1then

fie= oo -l e e

where s € 61,11 C G4 (14,1,14:0.) I8 the transposition of the last two tensorands in
(V;)@“ as a tensorand of Ij4(1,,,1,:0.)-

Proof The proof is a compilation of the proofs of [3, Lemma 5.16] and [5, Theorem 3.33]. O

Proof of Theorem 8.1 We follow the strategy of [5, Theorem 3.33], [3, Theorem 5.3]. The
general properties of tensor categories imply that the relations given Proposition 8.4 are
satisfied in D for the respective objects and morphisms derived from X and Y instead of
V* and V. Now Theorem 8.3, together with Proposition 8.4, implies that the assignment
D(VF) = Xy, D(Vy) = Yy, fora = —1,0, ..., 1, d(p) = q, ©(V*/V) — VFIVEL) =
X/Xqg = X/Xo41, ®(V/Vy = V/Vys1) = Y)Yy — Y/Yyyr, fora = —1,...,1 — 1,
provides a consistent definition of a functor ® : Tg, — D. The uniqueness of this functor,
up to tensor natural isomorphism, its left-exactness, and its extension to the Grothendieck
category T if D is a Grothendieck category, follow from standard arguments as in [5, §8]. O
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Corollary8.5 Let 0 < s < t and let T(VS, ¥, Vi) C T; be the smallest full tensor
Grothendieck subcategory of T; containing V., Vs and the module 1°*, which is also a
commutative subalgebra of I, defined at the end of Sect. 3. Let T(V", I*%, Vy) be the cate-
gory, whose objects are g™ -modules in T( Vi, I5%, Vi) which are also free as I°**-modules,
and whose morphisms are morphisms of g[M -modules as well as of I1°°-modules. Then
TV, 154, Vy) is equivalent to the category Ty constructed from an arbitrary diagonaliz-
able pairing between two Rg-dimensional vector spaces.
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